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STEIN DOMAINS WITH EXOTIC CONTACT BOUNDARIES.
MU ZHAO
Abstract. We introduce a new invariant, the positive idempotent group, for strongly asymp-
totically dynamically convex contact manifolds. This invariant can be used to distinguish
different contact structures. As an application, for any complex dimension n > 8 and any
positive integer k, we can construct n−dimensional Stein manifolds V0, V1, · · · , Vk such that
H˜j(Vi) = 0, j 6= n−1, n, V
′
i s are almost symplectomorphic, their boundaries are in the same
almost contact class but not contactomorphic.
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2 MU ZHAO
1. Introduction
In this paper, we will introduce a new invariant I+(Σ), the positive idempotent group,
for strongly asymptotically dynamically convex contact manifolds (Σ, ξ,Φ)(see definition in
Section 3.1). The definition of positive idempotent group I+(W ) depends on the filling W :
it is well defined when SH∗(W ) 6= 0 for some Liouville filling W , and it is independent of
filling when (Σ, ξ,Φ) is a strongly ADC contact manifold.
The main purpose of this paper is to prove the following theorem:
Theorem 1.1. If (Σ, ξ,Φ) is a strongly asymptotically dynamically convex contact structure
with a Liouville filling W such that SH∗(W ) 6= 0, then all connected Liouville fillings of
(Σ, ξ,Φ) with nonzero symplectic homology have isomorphic positive idempotent group I+.
Remark 1.2. Here a Liouville fillingW of (Σ, ξ,Φ) means thatW is a filling of (Σ, ξ) and the
trivialization Φ of the canonical bundle extends over W . Now that all these Liouville fillings
have isomorphic positive idempotent group, we can regard I+ as an invariant for strongly
ADC contact manifold. We will prove the result in section 4.
As an application, we will use the positive idempotent group to distinguish contact bound-
aries of Stein manifolds, which has a long history. Y.Eliashberg [E+91] constructed an ex-
otic contact structure representing the standard almost contact structure on S4k+1, and
I.Ustilovsky [Ust99] proved that every almost contact class on S4k+1 has infinitely many
different contact structures. M.McLean [McL07] has shown that there are infinitely many ex-
otic Stein structures Cnk on C
n, n ≥ 4. Using flexible Weinstein structures, O.Lazarev [Laz16]
proved that any contact manifold admitting an almost Weinstein filling admits infinitely
many exotic contact structures with flexible fillings. We have the following theorem:
Theorem 1.3. For any complex dimension n > 8 and any positive integer k, there are Stein
domains V0, V1, · · · , Vk such that:
• V ′i s are almost symplectomorphic,
• the contact boundaries ∂Vi of Vi are in the same almost contact class,
• ∂Vi are mutually non-contactomorphic.
• H˜j(Vi) = 0 for j 6= n, n− 1.
Remark 1.4. In Theorem 1.14 [Laz16], O.Lazarev proved that if V is almost symplectomor-
phic to a domain containing a closed (regular) Lagrangian, then there are infinitely symplectic
structures Vk almost symplectomorphic to V that are not symplectomorphic and their con-
tact boundaries are not contactomorphic either. The Stein domains constructed in this paper
are different from Lazarev’s examples.
1.1. Sketch of the proof. The contact structure on ∂Vi in Theorem 1.3 is asymptotically
dynamically convex. In the case when I+(Σ) is finite, we can define the positive idempotent
index i(Σ) := |I+(Σ)| (see Section 3.2). The theorem 1.3 is based on the following theorem,
which will be proved in Section 7:
Theorem 1.5. There exists connected Weinstein domains (W 2n, λ, ψ), for any n > 8 such
that
• (∂W,λ) is asymptotically dynamically convex,
• SH∗(W,Z/2Z) 6= 0,
• |I(W,Z/2Z)| <∞.
• H˜i(W,Z/2Z) = 0, for i 6= n, n− 1.
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Remark 1.6. The definition of I is in equation 3.3.
The basic idea to construct the Weinstein domain is to use Brieskorn variety. First we
take the complement of a specific Brieskorn variety and then attach a Weinstein 2-handle to
kill the fundamental group. With the help of a covering trick we can show that the resultant
manifold has asymptotically dynamically convex boundary. The full proof is at the end of
this paper, see Section 7.
We will need the fact that any almost Weinstein domain admits a flexible Weinstein struc-
ture in the same almost symplectic class (See Section 2.8). Moreover, if a contact manifold
admits a flexible filling, then it is asymptotically dynamically convex, as stated in the follow-
ing lemma:
Lemma 1.7 (Corollary 4.1 [Laz16]). If (Y 2n−1, ξ), n ≥ 3, has a flexible filling, then (Y, ξ) is
asymptotically dynamically convex.
Proof of Theorem 1.3. Let (W,λ,ψ) be in Theorem 1.5. There is a flexible Weinstein domain
(W1, λ1, ψ1) that is almost symplectomorphic to W . Let
(Wi, λi, ψi) := (W,λ,ψ)♮(W,λ,ψ)♮ · · · ♮(W,λ,ψ)︸ ︷︷ ︸
i
♮ (W1, λ1, ψ1)♮(W1, λ1, ψ1)♮ · · · ♮(W1, λ1, ψ1)︸ ︷︷ ︸
k−i
.
That is, Wi is the boundary connect sum of i copies of W and k − i copies of the flexibi-
lization of W1. The boundary connect sum is equivalent to attaching a Weinstein 1-handle,
so Wi is a Weinstein domain. By construction, they are all almost symplectomorphic, see
subsection 2.8.3, and their boundaries are in the same almost contact class by lemma 2.35.
Theorem 2.7 allows us to deform a Weinstein structure into a Stein structure, which is de-
noted by Vi. The last condition is obvious. There’s only the third condition left to be verified.
Indeed, we have (∂Vi, λi) is asymptotically dynamically convex. Furthermore, we have:
Proposition 1.8. |I+(∂Wi)| 6= |I+(∂Wj)|, i 6= j.
The proof of Proposition 1.8 will be defer to Subsection 3.3.

2. Background
2.1. Conventions and notation. (See Section 2 for detailed definitions.)
Let λ be a Liouville 1-form on a Liouville manifold W .
dλ(·, J ·) = gJ (Riemannian metric),
dλ(XH , ·) = −dH, XH = J∇H (Hamiltonian vector field),
LŴ := C∞(S1, Ŵ ), S1 = R/Z (loop space),
AH : LŴ → R, AH(x) :=
∫
S1
x∗λ−
∫
S1
H(t, x(t)) dt (action),
∇AH(x) = −J(x)(x˙−XH(t, x)) (L2-gradient),
u : R→ LW, ∂su = ∇AH(u(s, ·)) (gradient line)
⇐⇒ ∂su+ J(u)(∂tu−XH(t, u)) = 0 (Floer equation), (2.1)
P(H) := Crit(AH) = {1-periodic orbits of the Hamiltonian vector field XH},
For each h ∈ H1(W ),Ph(H) := Crith(AH) = {x ∈ P(H)
∣∣[x] = h ∈ [S1 →W ]}
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M(x−, x+;H,J) = {u : R× S1 →W | ∂su = ∇AH(u(s, ·)), u(±∞, ·) = x±}/R
(moduli space of Floer trajectories connecting x± ∈ P(H)),
Mh(x−, x+;H,J) = {u : R× S1 →W | ∂su = ∇AH(u(s, ·)), u(±∞, ·) = x± ∈ Ph(H)}/R
(moduli space of Floer trajectories connecting x± ∈ Ph(H)),
dimM(x−, x+;H,J) = µCZ(x+)− µCZ(x−)− 1,
AH(x+)−AH(x−) =
∫
R×S1
|∂su|2ds dt =
∫
R×S1
u∗(dλ− dH ∧ dt).
Here the formula expressing the dimension of the moduli space in terms of Conley-Zehnder
indices is to be understood with respect to a symplectic trivialization of u∗TW .
Let K be a field and a < b with a, b /∈ Spec(∂W,α). We define the filtered Floer chain
groups with coefficients in K by
SC<b∗ (H) :=
⊕
x ∈ P(H)
AH (x) < b
K · x, SC(a,b)∗ (H) = SC<b∗ (H)/SC<a∗ (H),
with the differential d : SC
(a,b)
∗ (H)→ SC(a,b)∗−1 (H) given by
dx+ =
∑
µCZ (x−)=µCZ (x+)−1
#M(x−, x+;H,J) · x−.
Here # denotes the signed count of points with respect to suitable orientations. We think
of the cylinder R × S1 as the twice punctured Riemann sphere, with the positive puncture
at +∞ as incoming, and the negative puncture at −∞ as outgoing. This terminology makes
reference to the corresponding asymptote being an input, respectively an output for the Floer
differential. Note that the differential decreases both the action AH and the Conley-Zehnder
index. The filtered Floer homology is now defined as
SH
(a,b)
∗ (H) = ker d/im d.
Note that for a < b < c the short exact sequence
0→ SC(a,b)∗ (H)→ SC(a,c)∗ (H)→ SC(b,c)∗ (H)→ 0
induces a tautological exact triangle
SH
(a,b)
∗ (H)→ SH(a,c)∗ (H)→ SH(b,c)∗ (H)→ SH(a,b)∗ (H)[−1]. (2.2)
Remark. We will suppress the field K from the notation. As noted in the Introduction, the
definition can also be given with coefficients in a commutative ring. In this paper, K = Z2.
Notation. Let a = (a0, a1, · · · , an) be an (n+1)-tuple of integers ai > 1, z := (z0, z1, · · · , zn) ∈
Cn+1, and set f(z) := za00 + z
a1
1 + · · ·+ zann , and let B(s) to be the closed ball of radius s.
Va(t) := {(z0, z1, · · · , zn) ∈ Cn+1|f(z) = t}.
We will often suppress a from the notation. Let
Xst = V (t) ∩B(s).
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and let β ∈ C∞(R) be a smooth monotone decreasing cut-off function with β(x) = 1, x ≤ 14
and β(x) = 0, x ≥ 34 ,
Ua(ǫ) := {z ∈ Cn+1|za00 + · · · + zann = ǫ · β(||z||2)}.
Likewise a will often be suppressed. Moreover let
W sǫ = U(ǫ) ∩B(s).
2.2. Symplectic and contact structures. A symplectic manifold (M,ω) is a smooth 2n-
dimensional manifold M together with a nondegenerate, closed 2-form ω. A function H ∈
C∞(M) on a symplectic manifold (M,ω) is called Hamiltonian. We define its Hamiltonian
vector field XH via
dH = −ιXHω = −ω(XH , ·) = ω(·,XH).
A contact manifold Σ is a smooth (2n−1)-dimensional manifold together with a completely
non-integrable smooth hyperplane distribution ξ ∈ TΣ. The distribution is called a contact
structure. It can be locally defined as ξ = kerα for some local 1-form α such that α∧(dα)n−1 6=
0 pointwise. If α is globally defined, then α is called a contact form. We will always assume α
is globally defined. Under this assumption α∧ (dα)n−1 gives rise to a volume form and hence
Σ is orientable. Once an orientation is chosen we require that α ∧ (dα)n−1 > 0. Associated
with a contact form α one has a Reeb vector field R, uniquely defined by the equations
ιR(dα) = 0,
ιRα = 1.
Clearly R is transverse to ξ. If we have two different forms α,α
′
which define the same
contact structure, then we can find a nowhere vanishing function f such that α
′
= f · α.
Indeed, f = α
′
(R). The flow of a Reeb vector field is called Reeb flow, and closed trajectories
of Reeb flow are called the Reeb orbits. The action of a Reeb orbit γ is defined as
A(γ) :=
∫
S1
γ∗α
Note that A(γ) is always positive and equals the period of γ. The spectrum spec(Σ, α) is
the set of actions of all Reeb orbits of α. We will need the following definition for Reeb
trajectories which is part of a closed Reeb orbit.
Definition 2.1. γ : [0, T ] → X is called a fractional Reeb orbit for contact manifold (X, ξ)
if there is a closed Reeb orbit γ0 of (X, ξ) such that γ(t) = γ0(t), t ∈ [0, T ].
We say that a Reeb orbit γ of α is non-degenerate if the linearized Reeb flow along γ from
ξp to itself for some p ∈ γ has no eigenvalue 1. Moreover we say that a contact form is non-
degenerate if all Reeb orbits of α are non-degenerate. We can always assume a contact form is
non-degenerate after a C0-small perturbation, since a generic contact form is non-degenerate.
Notice that when α is non-degenerate, spec(Σ, α) is a discrete subspace of R+.
2.3. Liouville and Weinstein domains. A Liouville domain is a pair (W 2n, λ) such that
• W 2n is a compact manifold with boundary,
• dλ is a symplectic form on W ,
• the Liouville field Xλ, defined by iXdλ = λ, is outward transverse along ∂W .
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Let α := λ|∂W be a contact one-form on ∂W . The negative flow of X gives rise to a collar:
φ : (1− ǫ, 1] × ∂W →W,
φ∗λ = rα, φ∗X = r∂r.
We can attach an infinite cone to it, which is called the completion of (W,λ):
Ŵ =W ∪∂W ([1,∞) × ∂W ), λˆ|W = λ
λˆ|([1,∞) × ∂W ) = rα, Xˆ |([0,∞) × ∂W ) = r∂r, ωˆ = dλˆ.
A Liouville isomorphism between domains W0,W1 is a diffeomorphism ψ : Ŵ0 → Ŵ1 satis-
fying ψ∗λˆ1 = λˆ0 + df , for some f compactly supported. We also say that Ŵ0 and Ŵ1 are
Liouville isomorphic. Clearly ψ is compatible with the Liouville flow at infinity.
Definition 2.2. A Liouville domain (W,λ) is called G-equivariant if a group G acts on W
and λ is G-invariant, i.e, g∗λ = λ,∀g ∈ G. A diffeomorphism f between two G-equivariant
Liouville domains is called G-equivariant if the following diagram commutes, for all g ∈ G:
(W1, λ1) (W0, λ0)
(W1, λ1) (W0, λ0)
f
g∗ g∗
f
Remark 2.3. A manifold M is called G-equivariant if G acts on it.
Proposition 2.4 (Proposition 11.8 [CE12]). Let W be a compact symplectic manifold with
contact type boundary and λt, t ∈ [0, 1] be a homotopy of Liouville forms on W . Then there
exits a diffeomorphism of the completions f : Ŵ0 → Ŵ1 such that f∗λˆ1 − λˆ0 = dg where g is
a compactly supported function.
We have an immediate corollary for Proposition 2.4:
Corollary 2.5. Let (λt)0≤t≤1 be a family of (G−equivariant) Liouville structures on W .
Then all the (W,λt) ((Ŵ , λˆt)) are mutually (G−equivariantly) Liouville isomorphic.
A Weinstein domain is a triple (W 2n, λ, φ) such that
• (W,λ) is a Liouville domain,
• φ : W → R is an exhausting Morse function with ∂W being a regular level set,
• Xλ is a gradient-like vector field for φ.
Since W is compact and φ is an exhausting Morse function with ∂W as a regular level set, φ
has finitely many critical points. Liouville and Weinstein cobordisms are defined similarly. If
a contact manifold (Y, ξ) is contactomorphic to ∂(W,λ), then we say that (W,λ) is a Liouville
or Weinstein filling of (Y, ξ).
Definition 2.6. A Stein manifold (M,J, φ) is a complex manifold (M,J) with an exhausting
plurisubharmonic function φ : M → R. A manifold of the form φ−1((−∞, c]) is called a Stein
domain, where c is a regular value of φ.
We also have the following famous theorem by Eliashberg:
Theorem 2.7 (Theorem 1.1 [CE12]). Given a Weinstein structure M = (ω,X, φ) on V ,
there exists a Stein structure (J, φ) on V such that M(J, φ) is Weinstein homotopic to M
with fixed φ.
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2.4. Symplectic homology. This section is mainly taken out from [Laz16]. The convention
used here agrees with [CO18] .
2.4.1. Admissible Hamiltonians and almost complex structures. LetHstd(W ) denote the class
of admissible Hamiltonians, which are functions on Ŵ defined up to smooth approximation
as follows:
• Hs ≡ 0 in W ,
• Hs is linear in r with slope s 6∈ Spec(Y, α) in Ŵ \W = Y × [1,∞). We will often
suppress s.
To be precise, H is a C2-small Morse function inW and H = h(r) in Ŵ \W for some function
h that is increasing convex in a small collar (Y × [1, 1 + ǫ], rα) of Y and linear with slope s
outside this collar.
For H ∈ Hstd(W ), recall the Hamiltonian vector field XH is defined by the condition
dλˆ(·,XH ) = dH. The time-1 orbits of XH are called the Hamiltonian orbits of H and fall
into two categories depending on their location in Ŵ :
• In W , the only Hamiltonian orbits are constants corresponding to critical points of
H|W
• In Ŵ \W , we have XH = h′(r)Rα, where Rα is the Reeb vector field of (Y, α). So
all Hamiltonian orbits lie on level sets of r and come in S1-families corresponding to
reparametrizations of some Reeb orbit of α with period h′(r).
Since the slope s of H at infinity is not in Spec(Y, α), all non-constant Hamiltonian orbits
lie in a small neighborhood of Y in Ŵ . After a C2-small time-dependent perturbation of H,
the orbits become non-degenerate, i.e. the linearized Hamiltonian flow from TpW to TpW ,
for some p in the Hamiltonian orbit, does not have 1 as an eigenvalue. These non-degenerate
orbits also lie in a neighborhood of W and so their number is finite. In fact, under this
perturbation, each S1-family of Hamiltonian orbits degenerates into two Hamiltonian orbits.
We say that an almost complex structure J is cylindrical on the symplectization (Y ×
(0,∞), rα) if it preserves ξ = kerα, J |ξ is independent of r, is compatible with d(rα)|ξ , and
J(r∂r) = Rα. Let Jstd(W ) denote the class of admissible almost complex structures J on Ŵ
which satisfy
• J is compatible with ω on Ŵ
• J is cylindrical on Ŵ\W = (Y × [1,∞), rα).
2.4.2. Floer complex. For H ∈ Hstd(W ), J ∈ Jstd(W ), the Floer complex SC(W,λ,H, J) is
generated as a free abelian group by Hamiltonian orbits of H. In this paper we need to
consider all Hamiltonian orbits, as opposed to only the contractible ones, see [Wen].
First, let’s fix a reference loop
lh : S
1 → W
with [lh] = h ∈ H1(W,Z). Denote by Ph(H) the set of all 1−periodic orbits of XHt in the
homology class h.
For a fixed reference class h, we will often write the chain complex generated as a free
abelian group by orbits in Ph(H) as SCh(H,J) when we do not need to specify (W,λ). We
will suppress h when it causes no confusion.
The differential is given by counts of Floer trajectories. In particular, for two Hamiltonian
orbits x−, x+ of H, let M̂(x−, x+;H,J) be the moduli space of smooth maps u : R×S1 → Ŵ
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such that lim
s→±∞u(s, ·) = x± and u satisfies Floer’s equation
∂su+ J(∂tu−XH) = 0.
Here s, t denotes the R, S1 coordinates on R × S1 respectively. Since the Floer equation is
R-invariant, there is a free R-action on M̂(x−, x+;H,J) for x− 6= x+. Let M(x−, x+ : H,J)
be the quotient by this R-action, i.e. M̂(x−, x+;H,J)/R. After a small time-dependent
perturbation of (H,J), M(x−, x+,H, J) is a smooth finite-dimensional manifold.
A maximal principle ensures that Floer trajectories do not escape to infinity in Ŵ . For the
following, let V ⊂ (W,λW ) be a Liouville subdomain, i.e. (V, λW |V ) is a Liouville domain.
Then (Z,αZ) = ∂(V, λ) is a contact manifold. Since V is a Liouville subdomain, there is a
collar of Z in W that is symplectomorphic to (Z × [1, 1 + δ], d(tαZ )) for some small δ.
Lemma 2.8. [AS10] Consider H : Ŵ → R such that H = h(r) is increasing near Z, where r
is the cylindrical coordinate and J ∈ Jstd(W ) is cylindrical near Z. If both asymptotic orbits
of a (H,J)-Floer trajectory u : R× S1 → Ŵ are contained in V , then u is contained in V .
Applying this result to V = W , we can proceed as if W were closed and conclude
by the Gromov-Floer compactness theorem that M(x−, x+;H,J) has a codimension one
compactification. This implies that Mh(x−, x+;H,J), the zero-dimensional component of
M(x−, x+;H,J), has finitely many elements and the map d : SC(H,J)→ SC(H,J), defined
by
dx+ =
∑
x−
#Mh(x−, x+;H,J)x−
on generators and extended to SC(H,J) by linearity, is a differential. Here #Mh(x−, x+;H,J)
denotes the mod 2 count of elements of Mh(x−, x+;H,J). We have that (SC(H,J), d) is a
chain complex. Note that the underlying vector space SC(H,J) depends only on H while the
differential d depends on both H and J . The resulting homology HF (H,J) is independent
of J and compactly supported deformations of H.
If c1(W,ω) = 0, as will always be the case in this paper, HF (H,J) has a Z-grading. More
precisely, if c1(W,ω) = 0, the canonical line bundle of (W,ω) is trivial. After choosing a global
trivialization of this bundle, we can assign an integer called the Conley-Zehnder index µCZ(x)
to each Hamiltonian orbit x; see Subsection 2.7. For a general orbit x, µCZ(x) depends on
the choice of trivialization of the canonical bundle. For a Hamiltonian orbit corresponding
to a critical point p of the Morse function H|W , the Conley-Zehnder index coincides with
n− Ind(p), where Ind(p) is the Morse index of H|W at p.
Furthermore, dimM(x, y;H,J) = µCZ(y) − µCZ(x) − 1 so the differential, which counts
the zero-dimensional components of M(x, y;H,J), decreases the degree by one.
2.4.3. Continuation map. Although HF (H,J) is independent of J and compactly supported
deformations of H, HF (H,J) does depend on the slope of H at infinity and so is not an
invariant of W . In particular, HF (H,J) only sees Reeb orbits of period less than the slope
of H at infinity. To incorporate all Reeb orbits, we need to consider Hamiltonians with
arbitrarily large slope. More formally, this can be done by considering continuation maps
between SC(H,J) for different H. Given H−,H+ ∈ Hstd(W ), let Hs ∈ Hstd(W ), s ∈ R, be
a family of Hamiltonians such that Hs = H− for s ≪ 0 and Hs = H+ for s ≫ 0. Similarly,
let Js ∈ Jstd(W ) interpolate between J−, J+. For Hamiltonian orbits x−, x+ of H−,H+
respectively, let M(x−, x+;Hs, Js) be the moduli space of parametrized Floer trajectories,
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i.e. maps u : R× S1 → Ŵ
∂su+ Js(∂tu−XHs) = 0
To ensure that parametrized Floer trajectories do not escape to infinity, we again need
to use a maximal principle. For this principle to hold, it is crucial that the homotopy of
Hamiltonian functions is decreasing, i.e. ∂Hs/∂s ≤ 0. If Js is s-independent, we use the
following parametrized version of ‘no escape’ Lemma 2.8, which is proven in Proposition
3.1.10 of [Gut15]. If Js does depend on s and V = W , then we use the maximal principle
from [Sei06]. We state both in the following lemma.
Lemma 2.9. [Gut15], [Sei06] Consider a decreasing homotopy Hs : Ŵ → R such that
Hs = hs(t) is increasing in t near Z = ∂V and Hs|Z is s-independent; let J ∈ Jstd(W ) be
cylindrical near Z. If u : R×S1 → Ŵ is a (Hs, J)-Floer trajectory with both asymptotes in V ,
then u is contained in V . If V =W , the same claim also holds for a homotopy Js ∈ Jstd(W )
that is cylindrical near Z.
By applying the second part of Lemma 2.9, we can proceed as ifW were closed and conclude
that M(x−, x+;Hs, Js) has a codimension one compactification. Then the continuation map
φHs,Js : SC(H+, J+)→ SC(H−, J−) defined by
φHs,Js(x+) =
∑
x−
#Mh(x−, x+;Hs, Js)x−
on generators and extended to SC(H+, J+) by linearity is a chain map. Up to chain homotopy,
this map is independent of Js and Hs. Note that there is no R-action since the parametrized
Floer equation is not R-invariant. As a result, φHs,Js is degree-preserving. Finally, we define
symplectic homology as the direct limit
SH(W,λ) := lim→ HF (H,J).
The direct limit is taken over continuation maps φHs,Js : HF (H+, J+) → HF (H−, J−) on
homology. One key property is that SH(W,λ) depends only on the symplectomorphism type
of (Ŵ , dλˆ) [Sei06].
2.5. Positive symplectic homology. Positive symplectic homology SH+(W ) is defined
using the action functional. For a small time-dependent perturbation of H ∈ Hstd(W ), the
action functional AH : C
∞(S1, Ŵ )→ R is
AH(x) :=
∫
S1
x∗λ−
∫
S1
H(x(t))dt.
Under our conventions, the Floer equation is the positive gradient flow of the action functional
and so action increases along Floer trajectories, i.e. if u ∈M(x−, x+) is a non-constant Floer
trajectory, then AH(x+) > AH(x−). Let SC<a(H,J) be generated by orbits of action less
than a. Since action increases along Floer trajectories, the differential decreases action and
hence SC<a(H,J) is a subcomplex of SC(H,J); we define SC>a(H,J) to be the quotient
complex SC(H,J)/SC<a(H,J).
For H ∈ Hstd(W ), the constant orbits corresponding to Morse critical points x ∈ W
have action −H(x). The non-constant orbits that correspond to Reeb orbits have action
close to the action of the corresponding Reeb orbit, which is positive. In fact, for suffi-
ciently small ǫ, SC<ǫ(H,J) corresponds to the Morse complex of −H|W with a grading shift.
More precisely, Hk(SC
<ǫ(H,J)) ∼= Hn−k(W ;Z). Define SC+(H,J) to be the quotient com-
plex SC(H,J)/SC<ǫ(H,J) and let HF+(H,J) be the resulting homology. Using a direct
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limit construction, we can also define HF+(W ). More precisely, suppose Hs is a decreasing
homotopy such that Hs = H− for s ≪ 0 and Hs = H+ for s ≫ 0. Then the continua-
tion Floer trajectories are also action increasing and hence there is an induced chain map
φ+Hs,Js : SC
+(H+, J+)→ SC+(H−, J−). As with SH(W ), we define SH+(W ) by
SH+(W,λ) := lim→ HF
+(H,J).
The direct limit is taken over the continuation maps φ+Hs,Js : HF
+(H+, J+)→ HF+(H−, J−)
on homology.
Like SH(W ), SH+(W ) depends only on the symplectomorphism type of (Ŵ , dλˆ). Note
that as a vector space, SC+(H,J) essentially depends only on (Y, α) and not on the interior
(W,λ). This is because SC+(H,J) is generated by non-constant Hamiltonian orbits, which
live in the cylindrical end of W and correspond to Reeb orbits of (Y, α). On the other hand,
the differential for SC+(H,J) may depend on the filling W of (Y, α) since Floer trajectories
between non-constant orbits may go into the filling, so different Liouville fillings of (Y, ξ)
might have different SH+.
The chain-level short exact sequence
0→ SC<ǫ(H,J)→ SC(H,J)→ SC+(H,J)→ 0
induces the ‘tautological’ long exact sequence in homology
· · · → Hn−k(W ;Z)→ SHk(W,λ)→ SH+k (W,λ)→ Hn−k+1(W ;Z)→ · · · .
2.6. Summary of the TQFT structure on SH∗(W ). This is taken out of chapter 6 in
[Rit13]. For a detailed construction, see chapter 16 of [Rit13]. Note that both the grading
and action functional differ from ours by a negative sign, and our homology SH∗(W 2n) is
cohomology SH∗(W 2n) in [Rit13]. We summarize here the TQFT structure. Suppose we are
given:
(1) a Riemann surface (S, j) with p+ q punctures, with fixed complex structure j;
(2) ends: a cylindrical parametrization s+ it near each puncture, with j∂s = ∂t;
(3) p ≥ 1 of the punctures are negative (i.e, we converge to the puncture as s → −∞),
they are indexed by a = 1, . . . , p;
(4) q ≥ 0 of the punctures are positive (i.e, we converge to the puncture as s → +∞),
they are indexed by b = 1, . . . , q;
(5) weights: constants Aa, Bb > 0 satisfying
∑
Aa −
∑
Bb ≥ 0;
(6) a 1-form β on S with dβ ≤ 0, and on the ends β = Aa dt, β = Bb dt for large |s|.
Remark 2.10. Negative/positive parametrizations are modelled on (−∞, 0]×S1 and [0,∞)×
S1, respectively. In (6), dβ ≤ 0 means dβ(v, jv) ≤ 0 for all v ∈ TS. By Stokes’ theorem,∑
Aa −
∑
Bb = −
∫
S dβ ≥ 0. This forces p ≥ 1 and (5). Subject to this inequality, such β
exists. See Lemma 16.1 [Rit13].
Fix a Hamiltonian H : Ŵ → R linear at infinity with H ≥ 0 (required in Section 16.3
[Rit13]), this defines X = XH . Fix an almost complex structure J on W of contact type at
infinity.
The moduli space M(xa; yb;S, β) of Floer solutions consists of smooth maps u : S → Ŵ
such that du−X ⊗ β is (j, J)-holomorphic, and u converges on the ends to 1-orbits xa, yb of
AaH, BbH which we call the asymptotics.
After a small generic S-dependent perturbation Jz of J , M(xa; yb;S, β) is a smooth mani-
fold. One can ensure that on the ends Jz does not depend on z=s + it∈S for |s| ≫ 0. Just
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P
Figure 1. Pair of pants product: the operation ψP receives inputs at positive
punctures of P and emits output at the negative puncture. So it goes “from
right to left”.
as for Floer continuations maps (2.4.3), a maximum principle and an a priori energy estimate
E(u) =
∑
ABbH(yb) −
∑
AAaH(xa) holds, so the M(xa; yb;S, β) have compactifications by
broken Floer solutions: Floer trajectories for AaH,BbH can break off at the respective ends.
When gradings are defined (2.7),
dimM(xa; yb;S, β) = −
∑
µCZ(xa) +
∑
µCZ(yb) + nχ(S) (2.3)
=
∑
µCZ(yb)−
∑
µCZ(xa) + n(2− 2g − p− q). (2.4)
Define ψS : ⊗qb=1SC∗(BbH) → ⊗pa=1SC∗(AaH) on generators by counting isolated Floer
solutions
ψS(y1 ⊗ · · · ⊗ yq) =
∑
u∈M0(xa;yb;S,β)
ǫu x1 ⊗ · · · ⊗ xp,
where ǫu ∈ {±1} are orientation signs (In this paper we use Z2 coefficients, so these signs
don’t matter. In general, see Section 17 of [Rit13]). Then extend ψS linearly.
The ψS are chain maps. On homology,
ψS : ⊗qb=1SH∗(BbH)→ ⊗pa=1SH∗(AaH)
is independent of the choices (β, j, J) relative to the ends. Taking direct limits, we get
induced maps:
ψS : SH∗(W )⊗q → SH∗(W )⊗p (p ≥ 1, q ≥ 0).
So SH∗(W ) has a unit ψC(1).
2.6.1. The product. The pair of pants surface P (Figure 1) defines the product
ψP : SHi(W )⊗ SHj(W )→ SHi+j(W ), x · y = ψP (x, y),
which is graded-commutative and associative.
Remark 2.11. The pair of pants product also respects the action filtration. As mentioned
in [Ueb15] and in Section 16.3 of [Rit13], we have
A2H(x3) ≤ AH(x1) +AH(x2).
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Hence the product restricts to a map
SH
[a,b)
∗ (W )× SH [a
′,b′)
∗ (W )→ SH [max{a+b
′,a′+b},b+b′)
∗ (W ),
where on the right hand side it is necessary to divide out all generators with action less than
max{a+ b′, a′+ b} to make the map well defined. So one does not get a product on the whole
positive symplectic homology, but we can define maps:
SH
[δ,b)
∗ (W )× SH [δ,b)∗ (W )→ SH [b+δ,2b)∗ (W )
2.6.2. The unit. Let C = C with p = 1, q = 0. The end is parametrized by (−∞, 0] × S1
via s + it 7→ e−2π(s+it). On this end, β = f(s)dt with f ′(s) ≤ 0, f(s) = 1 for s ≤ −2 and
f(s) = 0 for s ≥ −1. Extend by β = 0 away from the end (See Figure 2). Thus we get a map
ψC : K→ SH∗(H).
C
β = dt
β = f(s)dt
β = 0
Floer’s equation for H
Floer’s continuation equation f(s) ·H
J−holomorphic since 0 ·H = 0
Figure 2. A cap C, and its interpretation as a continuation cylinder.
Definition 2.12. Let eH=ψC(1)∈SHn(H). We can define e=lim−→ eH ∈SHn(W ).
Theorem 2.13 (Theorem 6.1 [Rit13]). e is the unit for the production on SH∗(W ).
Proof. By the gluing illustrated in the Figure 3, ψP (e, ·) = ψP#C(·) = ψZ(·) = id. 
Figure 3. Unit for pair of pants product
Remark 2.14. For “gluing = compositions” results, see Theorems 16.10, 16.12, 16.14 in
[Rit13]. Before taking direct limits, the above is the continuation map
SH∗(H)
eH⊗·−→ SH∗(H)⊗2 ψP−→ SH∗(2H).
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Lemma 2.15 (Lemma 6.2 [Rit13]). eH is a count of the isolated finite energy Floer contin-
uation solutions u : R× S1 → Ŵ for the homotopy f(s)H from H to 0.
Lemma 2.16 (Lemma 6.3 [Rit13]). For H as in Section 2.4.1, eH = sum of the local minima
of H.
Theorem 2.17 (Theorem 6.4 [Rit13]). e = lim−→ eH is the image of 1 under c∗ : H∗(W ) →
SH∗(W ), and eH = c∗,H(1) where c∗,H : H∗(M) ∼= SH<δ∗ (H) → SH∗(H) is the inclusion
map.
2.6.3. The TQFT structure on SH∗(W ) is compatible with the grading by H1(W ). We can
grade SC∗(H) =
⊕
h∈H1(W )
SCh∗ (H) by the homology classes h ∈ H1(Ŵ ) of the generators. The
Floer differential preserves theH1 grading, and so do Floer operations on a cylinder and a cap.
The pair of pants product respects this grading as follows: ψS : SH
h1∗ (W ) ⊗ SHh2∗ (W ) →
SHh1+h2∗ (W ). We can also grade SH∗(W ) =
⊕
h
SHh∗ (M) by the free homotopy classes
h ∈ [S1,M ] of the generators. The TQFT operations for genus zero surfaces are compatible
with the grading (the equation above holds after replacing
∑
by concatenation of free loops).
Remark 2.18. Let SH0∗ (W ) denote the summand corresponding to the contractible loops.
Considering only contractible loops determines a TQFT with operations ψS : SH
0∗ (W )⊗q →
SH0∗ (W )⊗p (p ≥ 1, q ≥ 0). Also c∗ : H∗(W ) → SH0∗ (W ) ⊂ SH∗(W ) naturally lands in
SH0∗ (W ).
2.6.4. Viterbo Functoriality. For Liouville subdomains W ⊂ M̂ , Viterbo [Vit99] constructed
a restriction map SH∗(M) → SH∗(W ) and McLean [McL07] proved that it is a ring homo-
morphism.
Theorem 2.19 ([McL07] [CO18]). Let W and V be compact symplectic manifolds with con-
tact type boundary and assume that the Conley-Zehnder index is well-defined on W . If V is
obtained from W by attaching to ∂W × [0, 1] a subcritical symplectic handle H2nk , k < n, then
it holds that
SH∗(V,Z2) ∼= SH∗(W,Z2)
as rings.
Remark 2.20. A.Ritter proved a stronger statement in Theorem 9.5 of [Rit13].
2.7. Conley-Zehnder index. In this section we discuss Conley-Zehnder index as in Fauck
[Fau16]. To define µCZ , let Sp(2n) denote the group of 2n × 2n symplectic matrices. We
will discuss a generalization, called the Robbin-Salamon index as follows: any smooth path
Ψ : [a, b]→ Sp(2n) satisfies an ordinary differential equation
Ψ′(t) = J0S(t)Ψ(t), Ψ(a) ∈ Sp(2n),
Where t → S(t) = S(t)T is a smooth path of symmetric matrices and J0 is the standard
almost complex structure. We say t ∈ [a, b] is called a crossing if det(id − Ψ(t)) = 0. The
crossing form at time t is a quadratic form Γ(Ψ, t) defined for v ∈ ker(id−Ψ(t)) by
Γ(Ψ, t)v =< v, S(t)v >
A crossing t is called regular if Γ(Ψ, t) is non-degenerate. For a path with only regular
crossings, the Robbin-Salamon index is defined by
µCZ(Ψ, a, b) :=
1
2
signΓ(Ψ, a) +
∑
a<t<b
signΓ(Ψ, t) +
1
2
signΓ(Ψ, b)
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where the sum runs all over crossings t ∈ (a, b), and sign(M) denotes the signature of the
matrix M , which equals the number of positive eigenvalues minus the number of negative
eigenvalues. Here we use µCZ to denote the Robbin-Salamon index.The fact that the Robbin-
Salamon index coincides with Conley-Zehnder index when det(id−Ψ(b)) 6= 0 sort of justifies
this abuse of notation.
We have the following properties for µCZ :
• (Naturality) For any path Φ : [a, b]→ Sp(2n), µCZ(ΦΨΦ−1) = µCZ(Ψ)
• (Homotopy) µCZ(Ψs) is constant for any homotopy Ψs with fixed endpoints.
• (Product) If Sp(2n) ⊕ Sp(2n′) is identified with a subgroup of Sp(2(n + n′)) in the
natural way, then µCZ(Ψ⊕Ψ′) = µCZ(Ψ) + µCZ(Ψ′).
The homotopy property allows us to define µCZ(Ψ, a, b) also for paths with non-regular
crossings, given that having regular crossings is a C∞ generic property among paths with
fixed endpoints.
Remark 2.21 (Lemma 59 [Fau16]). Let Ψ1,Ψ2,Ψ3 : [0, T ]→ Sp(2) be the following paths:
Ψ1(t) = e
it, ,Ψ2(t) = e
−it, Ψ3(t) = diag
(
ef(t), e−f(t)
)
, f ∈ C1(R).
Then, their Conley-Zehnder indices are given as follows:
µCZ(Ψ1) =
⌊
T
2π
⌋
+
⌈
T
2π
⌉
,
µCZ(Ψ2) =
⌊
−T
2π
⌋
+
⌈
−T
2π
⌉
= −µCZ(Ψ1),
µCZ(Ψ3) = 0.
Trivialization. Suppose we have a symplectic manifold (M,ω) with c1(M) = 0 and J is an
ω−compatible almost complex structure. Then the anti-canonical bundle of M is the highest
exterior power of (TM, J), i.e, κ∗J = ∧n(TM, J). The canonical bundle κJ is the dual of κ∗J .
In the same manner, we can define the canonical bundle of a contact manifold (C, ξ) with a
choice of one form α and dα-compatible almost complex structure on ξ.
A trivialization of the canonical bundle is a bundle isomorphism Φ : κJ → M × C. A
trivialization of (γ∗TM, J)( where γ is a loop in M) is a bundle isomorphism Ψ : γ∗TM →
S1 × Cn. Such a trivialization has a one-to-one correspondence (up to homotopy) with the
trivialization of γ∗κ∗J and hence the trivialization of the canonical bundle via:
detC(Ψ) : ∧n(γ∗TM) = γ∗κ∗J → S1 × C.
For a 1-periodic Hamiltonian orbit x, we fix a trivialization of (x∗TM, J) along x as:
Ψ : x∗TM → S1 × Cn
Suppose ψ is the Hamiltonian flow and dψt : TM |x(0) → TM |x(t) is its linearization, then
define
Mt(x) := Ψt ◦ dψt ◦Ψ−10
The Conley-Zehnder index of x is defined as µCZ(x) := µCZ(Mt(x)). Similarly, we can define
the Conley-Zehnder index of a Reeb orbit. In particular, let (W,λ) be a Liouville domain
and (C := ∂W, ξ := ker λ|C) its boundary. We have TM |C = ξ⊕ < XReeb > ⊕ < X >,
where XReeb,X are a Reeb vector field and a Liouville vector field, respectively. Since <
XReeb >= J < X > , we can identify < XReeb > ⊕ < X > with C, i.e. γ∗TM = γ∗ξ ⊕ C,
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where γ is a Reeb orbit. Due to the fact that Reeb flow preserves XReeb and extends to the
symplectization, we have
Mt,M (γ) =Mt,ξ(γ)⊕
[
1 0
0 1
]
where Mt,M (γ) is the symplectic matrix associated to the linearization of the Reeb flow with
respect to a trivialization of TM |γ , i.e, Mt,ξ(γ) is defined in the same manner. The product
property of Conley-Zehnder index implies that µCZ(Mt,M (γ)) = µCZ(Mt,ξ(γ)). Hence we
will not specify which index we are referring to in the rest of this paper.
Now consider a G−equivariant Liouville domain (W,λ). Suppose the group action is free
and |G| <∞. Then we have that the quotient map
πG : (W,λ)→ (W/G,λ)
is a finite covering map. Each Reeb orbit γ in ∂(W/G) then lifts to a fractional orbit γ˜ in
∂W . That is, γ˜(t) = γ0(t), t ∈ [0, T ] for some closed Reeb orbit γ0 in ∂(W ). In particular,
we can choose γ0 with period of |G| · T . If we choose a G−equivariant trivialization for the
canonical bundle κW , then such trivialization descends down to κW/G. Equivalently, if we
choose G-equivariant trivialization of ξ|γ0 , and Mt,ξ(γ0) is the matrix of the linearized map,
then we have for some MG ∈ Sp(2n,R),
MG ·Mt,ξ(γ0) =Mt+T,ξ(γ0).
whereMG satisfiesM
|G|
G =M|G|·T,ξ(γ0) is a constant matrix, which only depends on the homo-
topy class of ourG-equivariant trivialization. In particular,MT,ξ(γ0) =MG, so µCZ(Mt,ξ(γ0)), t ∈
[0, T ] is well defined since the Conley-Zehnder index is constant for any homotopy with fixed
endpoints. We can therefore define the Conley-Zehnder index of such a fractional Reeb orbit
of γ to be the Conley-Zehnder index of Mt,ξ(γ0), t ∈ [0, T ].
As a consequence, we have
µCZ(γ) = µCZ(γ˜).
Lemma 2.22. Let (R × S1, d(rdθ)) be the symplectization of (S1, θ). Choose the canonical
trivialization of T (R×S1) = TR×TS1, then all fractional Reeb orbits of (S1, θ) have Conley-
Zehnder index (Robbin-Salamon index) zero, with respect to any cyclic group action rotating
the cylinder.
Proof. Since Reeb flow preserves (∂r, ∂θ), so the matrix for linearized return map is
M(t) =
[
1 0
0 1
]
.
Therefore, the Conley-Zehnder index is zero. 
The following lemma gives a formula for the Reeb vector field in terms of the Hamiltonian
and Liouville vector field.
Lemma 2.23. Let (W,λ) be a Liouville manifold. Suppose H is a function on W with 0
as its regular value and the Liouville vector field X is transverse to the 0-level set. Then
(Σ := H−1(0), λ) is a contact manifold whose Reeb vector field is given by XReeb = XHX(H) ,
where XH is the Hamiltonian vector field of H.
Proof. (Σ, λ) is well known to be contact. We only need to prove the latter part of the lemma.
Since
ιXHdλ|Σ = −dH|Σ = 0
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and
ιXHλ = ιXH ιXdλ = dλ(X,XH ) = dH(X) = X(H),
it follows XReeb =
XH
X(H) . 
Lemma 2.24 (Lemma 5.20 [McL16]). Let (C, ξ) be a contact manifold with associated contact
form α and let h : R → R be a function with h′ > 0, h′′ > 0 and h′(0) = 1. Let Ĉ := C × R
be the symplectization of C with symplectic form d(erα) where r parameterizes R. Let γ(t)
be a Reeb orbit of α of period L with a choice of trivialization of the symplectic vector bundle
⊕Nj=1TM along this orbit. This choice of trivialization induces a choice of trivialization of
γ∗ ⊕Nj=1 ξ in a natural way. Then the Hamiltonian Lh(er) has a 1 periodic orbit x equal to
γ(Lt) inside C × {0} = C and its Conley-Zehnder index is equal to µCZ(γ) + 12 .
Remark 2.25. Notice that the Hamiltonian vector field in [McL16] differs from ours by a
minus sign. We have
Mt,M (x) =Mt,ξ(γ)⊕
[
1 0
ah′′t 1
]
,
for some constant a > 0.
If instead, h′′ < 0, then the index equals µCZ(γ)− 12 . And if h′ < 0, then the Hamiltonian
orbit goes in the opposite direction of the Reeb orbit, and the index differs by a minus sign.
We will conclude this subsection with a lemma relating Morse index of critical point with
Conley-Zehnder index of the corresponding constant Hamiltonian orbit.
Lemma 2.26. If S is an invertible symmetric matrix with ||S|| < 2π and Ψ(t) = exp(tJ0S),
then
µCZ(Ψ) = n− Ind(S)
where Ind(S) is the number of negative eigenvalues of S.
Corollary 2.27 (Corollary 7.2.2 [AD14]). Let W be a symplectic manifold of dimension 2n,
let
H : W → R
be a Hamiltonian and x be a critical point of H. We assume that H is C2-small (in this case,
we can choose a Darboux chart centered at x such that the usual norm ||Hessx(H)|| < 2π).
Then the Conley-Zehnder index µCZ(x) of x as a periodic solution of the Hamiltonian system
and its Morse index Ind(x) as a critical point of the function H are connected by
µCZ(x) = n− Ind(x).
2.8. Weinstein handle attachment and contact surgery.
2.8.1. Contact surgery. This section is already included in Chapter 6 of [Gei08]. We will
highlight the parts which should be paid attention to in this paper, namely, the trivialization
of the conformal symplectic normal bundle.
Definition 2.28. Let (M, ξ) be a contact manifold. A submanifold L of (M, ξ) is called an
isotropic submanifold if TpL ⊂ ξp for all point p ∈ L.
Let L ⊂ (M, ξ = kerα) be an isotropic submanifold in a contact manifold with cooriented
contact structure. Let (TL)⊥ ⊂ ξL be the subbundle of ξL that is symplectically orthogonal
to TL with respect to the symplectic bundle structure dα|ξ.The conformal structure of this
bundle does not depend on the choice of contact form and therefore (TL)⊥ is determined by
ξ. The fact L is isotropic implies that TL ⊂ (TL)⊥. So we have the following definition,
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Definition 2.29. The quotient bundle
CSNM (L) := (TL)
⊥/TL
with the conformal symplectic structure induced by dα is called the conformal symplectic
normal bundle of L in M .
So we have
ξ|L = ξ|L/(TL)⊥ ⊕ (TL)⊥/TL⊕ TL = TL⊕ ξ|L/(TL)⊥ ⊕ CSNM(L).
Let J : ξ → ξ be a complex bundle structure on ξ compatible with the symplectic structure
given by dα. Then the bundle ξ|L/(TL)⊥ is isomorphic to J(TL). So the contact structure
has the following natural splitting on the isotropic submanifold:
Lemma 2.30.
ξ|L = TL⊕ J(TL)⊕ CSNM (L)
Therefore, if we fix a trivialization of TL⊕ J(TL), then the trivialization of CSNM(L) is
determined by the trivialization of ξ|L. Now we can state the contact surgery theorem:
Theorem 2.31 (Theorem 6.2.5 [Gei08]). Let Λk−1 be an isotropic sphere in a contact
manifold (M, ξ = kerα) with a trivialization of the conformal symplectic normal bundle
CSNM (Λ
k−1). Then there is a symplectic cobordism from (M, ξ) to the manifold M ′ ob-
tained from M by surgery along Λk−1 with the natural framing. In particular, the surgered
manifold M ′ carries a contact structure that coincides with the one on M away form the
surgery region.
Remark 2.32. The resulting contact structure on M ′ is uniquely determined up to iso-
topy by the isotopic isotropy class of Λk−1 and the homotopy class of the trivialization of
CSNM (Λ
k−1).
2.8.2. Weinstein handlebodies. For the purposes of this paper, we need to attach a handle to
a Weinstein domain. We will follow Section 13 in [CE06]. The standard handle of index k
will be the bidisk in Cn:{ k∑
j=1
x2j ≤ (1 + ǫ)2,
k∑
j=1
y2j +
n∑
j=k+1
|zj |2 ≤ ǫ2
}
,
where zj = xj + iyj, j = 1, 2, · · · , n, are the complex coordinates in Cn. In particular,
the handle H carries the standard complex structure i, along with the standard symplectic
structure ωstd. The symplectic form ωstd on H admits a hyperbolic Liouville field
Xstd =
k∑
j=1
(− xj ∂
∂xj
+ 2yj
∂
∂yj
)
+
1
2
n∑
l=k+1
(
xl
∂
∂xl
+ yl
∂
∂yl
)
.
Let us denote by ξ− the contact structure αst|∂−H = 0 defined on ∂−H by the Liouville
form αst = ιXstdωstd, where ∂
−H := ∂Dk1 × D2n−kǫ is the lower boundary. Notice that
the bundle ξ−|Λk−1 canonically splits as TΛk−1 ⊕ J(TΛk−1) ⊕ ǫn−k, where ǫn−k is a trivial
(n− k)−dimensional complex bundle. We will denote by σΛ the isomorphism
TΛk−1 ⊕ J(TΛk−1)⊕ ǫn−k → ξ−|Λ.
Suppose we are given a real k−dimensional bundle E, a complex n−dimensional bundle
τ, n ≥ k, and an injective totally real homomorphism φ : E → τ . Then φ canonically extends
to a complex homomorphism φ ⊗ C : E ⊗ C → τ . If φ ⊗ C extends to a fiberwise complex
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isomorphism Φ : E ⊗ C ⊕ ǫn−k then Φ is called a saturation of E covering φ. When n = k
the saturation is unique.
Let (V, ω,X, φ) be a Weinstein manifold, p a critical point of index k of the function
φ, a < b = φ(p) a regular value of φ. Denote W := {φ ≤ a}. Suppose that the stable
manifold of p intersects V \ IntW along a disc Dk, and let Λk−1 = ∂Dk be the attaching
sphere. The inclusion TΛk−1 →֒ ξ extends canonically to an injective complex homomorphism
TΛk−1 ⊕ J(TΛk−1) →֒ ξ, while the inclusion TDk →֒ TV extends to an injective complex
homomorphism TDk⊕J(TDk) →֒ TV . There exists a homotopically unique complex trivial-
ization of the conformal symplectic normal bundle CSN∂W (Λ
k−1) in ξ which extends to Dk
as a trivialization of the conformal symplectic normal bundle to Dk in TV . This trivialization
provides a canonical isomorphism ΦDk : TΛ⊕ J(TΛ) ⊕ ǫn−k → ξ|Λk−1 , and we will call this
the canonical saturation of the inclusion Λk−1 →֒ ∂W .
We have the following theorem on attaching a handle to a Weinstein domain:
Theorem 2.33 (Prop13.11 [CE06], [W+91]). Let (W,ω,X, φ) be a 2n−dimensional Wein-
stein domain with boundary ∂W and ξ the induced contact structure {α|∂W = 0} on W
defined by the Liouville form α = ιXω. Let h : Λ → ∂W be an isotropic embedding of the
(k − 1)−sphere Λ. Let Φ : TΛ ⊕ J(TΛ) ⊕ ǫn−k → ξ be a saturation covering the differential
dh : TΛ→ ξ. Then there exists a Weinstein domain (W˜ , ω˜, X˜, φ˜) such that W ⊂ IntW˜ , and
(i) (ω˜, X˜, φ˜)|W = (ω,X, φ);
(ii) the function φ˜|M˜\IntW has a unique critical point p of index k.
(iii) the stable disc D of the critical point p is attached to ∂W along the sphere h(Λ), and
the canonical saturation ΦD coincides with Φ.
Given any two Weinstein extensions (W0, ω0,X0, φ0) and (W1, ω1,X1, φ1) of (W,ω,X, φ)
which satisfy properties (i)-(iii), there exists a diffeomorphism g fixed on W such that g :
W0 →W1 satisfying (ω0,X0, φ0) and (g∗ω1, g∗X1, g∗φ1) are homotopic in the class of Wein-
stein structures which satisfy (i)-(iii). In particular, the completion of these two Weinstein
domains are symplectomorphic via a symplectomorphism fixed on W .
We say that the Weinstein domain (W˜ , ω˜, X˜, φ˜) is obtained from (W,ω,X, φ) by attaching
a handle of index k along an isotropic sphere h : Λ→ ∂W with the given trivialization Φ.
Definition 2.34. A Weinstein domain (W 2n, λ, φ) is flexible if there exist regular values
c1, · · · , ck of φ such that c1 < minφ < c2 < · · · < ck−1 < maxφ < ck and for all i =
1, · · · , k − 1, {ci ≤ φ ≤ ci+1} is a Weinstein cobordism with a single critical point p whose
attaching sphere Λp is either subcritical or a loose Legendrian in (Y
ci , λ|Y ci ).
Flexible Weinstein cobordisms are defined similarly. Also, a Weinstein handle attachment
or contact surgery is called flexible if the attaching Legendrian is loose. So any flexible
Weinstein domain can be constructed by iteratively attaching subcritical or flexible handles
to (B2n, ωstd). A Weinstein domain that is Weinstein homotopic to a Weinstein domain
satisfying Definition 2.34 will also be called flexible. Loose Legendrians have dimension at
least 2 so if (Y+, ξ+) is the result of flexible contact surgery on (Y−, ξ−), then by Proposition
2.36 c1(Y+) vanishes if and only if c1(Y−) does. Finally, we note that subcritical domains are
automatically flexible.
Since they are built using loose Legendrians and subcritical spheres, which satisfy an h-
principle, flexible Weinstein domains also satisfy an h-principle [CE12]. Again, the h-principle
has an existence and uniqueness part:
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• any almost Weinstein domain admits a flexible Weinstein structure in the same almost
symplectic class
• any two flexible Weinstein domains that are almost symplectomorphic are Weinstein
homotopic (and hence have exact symplectomorphic completions and contactomor-
phic boundaries).
2.8.3. Formal structures. There are also formal versions of symplectic, Weinstein, and con-
tact structures that depend on just the underlying algebraic topological data. For example,
an almost symplectic structure (W,J) on W is an almost complex structure J on W ; this
is equivalent to having a non-degenerate (but not necessarily closed) 2-form on W . An al-
most symplectomorphism between two almost symplectic manifolds (W1, J1), (W2, J2) is a
diffeomorphism φ :W1 →W2 such that φ∗J2 can be deformed to J1 through almost complex
structures onW1. Equivalently, it also means that there is a family of non-degenerate 2-forms
ωt interpolating between ω1 and ω2.
An almost Weinstein domain is a triple (W,J, φ), where (W,J) is a compact almost sym-
plectic manifold with boundary and φ is a Morse function on W with no critical points of
index greater than n and maximal level set ∂W . An almost contact structure (Y, J) on Y is
an almost complex structure J on the stabilized tangent bundle TY ⊕ ǫ1 of Y . Therefore an
almost symplectic domain (W,J) has almost contact boundary (∂W, J |∂W ); it is an almost
symplectic filling of this almost contact manifold. Therefore a family of almost symplectic
structures give rise to a family of almost contact structures on the boundary:
Lemma 2.35. Almost symplectomorphic Liouville domains have almost contactomorphic
boundaries.
Note that any symplectic, Weinstein, or contact structure can also be viewed as an al-
most symplectic, Weinstein, or contact structure by considering just the underlying algebraic
topological data.
Note that the first Chern class c1(J) is an invariant of almost symplectic, almost Weinstein,
or almost contact structures. In this paper, we will often need to assume that c1(J) vanishes.
The following proposition, which will be used several times in this paper, shows that the
vanishing of c1(Y, J) is often preserved under contact surgery and furthermore implies the
vanishing of c1(W,J).
Proposition 2.36 (Proposition 2.1 [Laz16]). Let (W 2n, J), n ≥ 3, be an almost Weinstein
cobordism between ∂−W = (Y−, J−) and ∂+W = (Y+, J+). If H2(W,Y−) = 0, the following
are equivalent:
• c1(J−) = 0, c1(J+) = 0
• c1(J) = 0.
If ∂−W = ∅, the vanishing of c1(J+) and c1(J) are equivalent.
Proof. Let i± : Y± →֒ W be inclusions. Then i∗±c1(J) = c1(J±) so the vanishing of c1(J)
implies the vanishing of c1(J−) and c1(J+). To prove the converse, consider the cohomology
long exact sequences of the pairs (W,Y−) and (W,Y+):
H2(W,Y±;Z)→ H2(W ;Z)
i∗
±−→ H2(Y±;Z).
By assumption, H2(W,Y−;Z) vanishes and hence i∗− is injective. By Poincare´-Lefschetz
duality, H2(W,Y+;Z) ∼= H2n−2(W,Y−;Z). Since 2n − 2 ≥ n + 1 for n ≥ 3 and W is a
Weinstein cobordism, H2n−2(W,Y−;Z) vanishes and hence i∗+ is also injective. Then if either
c1(J−) = i∗−c1(J) or c1(J+) = i∗+c1(J) vanish, so does c1(J).
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If ∂−W = ∅, we just need the vanishing of H2(W,Y+;Z), which holds for n ≥ 3. 
2.9. Morse-Bott case. The results of this section largely come from [McL16].
Definition 2.37. A Morse-Bott family of Reeb orbits of (C,α) of period T is a closed path
connected submanifold B ⊂ C where B is contained in the image of the union of closed Reeb
orbits of period T , satisfying ker(DψT )|B = TB, where if ψt : B → B is the Reeb flow of α.
We are interested in indices of Reeb orbits and so from now on we assume that we work
with a fixed trivialization of a fixed power of the canonical bundle of (C,α).
Note that the Conley-Zehnder index of the period T orbits starting in B are all the same
because B is path connected. Hence we define the Conley-Zehnder index of B, µCZ(B), to
be the Conley-Zehnder index of one of its period T Reeb orbits.
We can define an index closely related to the Conley-Zehnder index, called lower SFT
index, lSFT (γ), as follows:
lSFT (γ) := µCZ(γ) − 1
2
dimker(Dγ(0)ψT |ξ − id) + (n− 3).
Similarly, we have the following definition:
Definition 2.38. Let K be a Hamiltonian on a symplectic manifold (X,ωX ) and B is a set
of fixed points of its time T flow. We say that B is isolated if any such fixed point near
B is contained in B. suppose B is a path connected topological space and we have fixed a
symplectic trivialization of the canonical bundle of TX. Then every such Hamiltonian orbit
has the same Conley-Zehnder index and we will write µCZ(B,K) for the Conley-Zehnder
index. The set B is said to be Morse-Bott if B is a submanifold and ker(DψTK − id) = TB
along B where ψTK : X → X is the time T Hamiltonian flow of K.
The following lemma is a technical lemma which relates the index of Reeb orbits in a
contact hypersurface (which is a regular level set of a Hamiltonian) and the index of the
corresponding Hamiltonian orbits.
Lemma 2.39 (Lemma 5.22 [McL16]). Let (W,ωW ) be a symplectic manifold with a choice
of symplectic trivialization of the canonical bundle of TW . Let θW be a 1-form satisfying
dθW = ωW , and K be an Hamiltonian with the property that b := ιXθW dK > 0. This means
Cr := K
−1(r) is a contact manifold with contact form αr := θW |Cr . Let B ⊂ W be a
connected submanifold transverse to Cr for each r so that Br := Cr ∩ B is a Morse-Bott
submanifold of the contact manifold (Cr, αr) of period Lr, where Lr smoothly depends on r.
Suppose that b = L0 along B0 and that db(V ) >
d(Lr)
dr |r=0 along B0, where V is a vector
field tangent to B satisfying dK(V ) = 1. Then B0 is Morse-Bott for K and µCZ(B0,K) =
µCZ(B0, α0) +
1
2 .
Remark 2.40. Our sign convention is different from McLean’s in [McL16] since we use
ω(·,XH) = dH. So the condition on b := ιXθW dK > 0 differs by a minus sign. If b 6= L0
along B0, we have to either rescale b or Lt.
Remark 2.41. In light of lemma 2.22, we have µCZ(γ, r
2) = 12 , where γ is any Morse-Bott
manifold of Hamiltonian orbits.
3. ADC structures and positive idempotent group
We will define (strongly) asymptotically dynamically convex contact structure first. Then
we introduce a new invariant called the positive idempotent group base on SH∗(W ). It does
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not depend on the filling for ADC contact structures and therefore can be seen as a contact
invariant. The proof will be deferred to section 4. In subsection 3.3, we show that the
(strongly) ADC property is preserved under subcritical contact surgery.
3.1. Reeb orbits and asymptotically dynamically convex contact structures. Let’s
take a moment to look at the degree of Reeb orbits, which is essential for the definition
of ADC contact structures. For any contact manifold (Σ, α) with c1(Σ, ξ), the canonical
line bundle of ξ is trivial, as will always be the case in this paper. After choosing a global
trivialization of this bundle, we can assign an integer to each Reeb orbit γ of (Σ, α)-the
reduced Conley-Zehnder index:
|γ| := µCZ(γ) + n− 3.
For a general Reeb orbits, |γ| depends on the choice of trivialization of the canonical bundle.
However, if the Reeb orbit |γ| is contractible in Σ, then the grading does not depend on the
trivialization. We will consider both the contractible and non-contractible Reeb orbits in this
paper.
Let P<DΦ (Σ, α) be the set of Reeb orbits γ of (Σ, α) satisfying A(γ) < D, where Φ is a
specific trivialization of the canonical bundle. In a similar manner , we can define P<D0 (Σ, α)
to be the set of contractible Reeb orbits γ of (Σ, α) satisfying A(γ) < D. Here we dropped
the subscript Φ since the degree of contractible Reeb orbits does not depends on the choice
of trivialization.
Lemma 3.1 (Proposition 3.1 [Laz16]). For any D, s > 0, there is a grading preserving
bijection between P<DΦ (Y, sα) and P
<D/s
Φ (Y, α).
Proof. Note that Rsα =
1
sRα. So if γα : [0, T ] → Y is a Reeb trajectory of α with action
T , then γsα = γα ◦ m 1
s
: [0, sT ] → Y is a Reeb trajectory of sα with action sT ; here
m 1
s
: [0, sT ]→ [0, T ] is multiplication by 1s . The map γα → γsα is a bijection between the set
of Reeb orbits. If T < D/s, then sT < D and so it is a bijection between P
<D/s
Φ (Y, α) and
P<DΦ (Y, sα). This bijection is grading-preserving since the Conley-Zehnder index of a Reeb
orbit is determined by the linearized Reeb flow on the trivialized contact planes ξ but does
not depend on the speed of the flow. 
We will also need the following notation. If α1, α2 are contact forms for ξ, then there
exists a unique f : Y → R+ such that α2 = fα1. We write α2 > α1, α2 ≥ α1 if f > 1, f ≥ 1
respectively. Note that if α2 > α1, α2 ≥ α1, then for any diffeomorphism Ψ : Y ′ → Y , we
have Ψ∗α2 > Ψ∗α1,Ψ∗α2 ≥ Ψ∗α1, respectively.
Definition 3.2. A contact manifold (Σ, ξ) is asymptotically dynamically convex (strongly
asymptotically dynamically convex with respect to Φ ) if there exists a sequence of non-
increasing contact forms α1 ≥ α2 ≥ α3 · · · for ξ and increasing positive numbers D1 < D2 <
D3 · · · going to infinity such that all elements of P<Dk0 (Σ, αk) (P<DkΦ (Σ, αk)) have positive
lower SFT index.
Remark 3.3. The ADC property defined in definition 3.6 [Laz16] requires the non-degeneracy
of αi. Here we define the strongly ADC property (with respect to Φ) using lower SFT index.
Therefore the contact form αi in the definition doesn’t have to be non-degenerate. It is an
immediate corollary of lemma 3.4, also see remark 3.7 (2) of [Laz16].
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Lemma 3.4 (Lemma 4.10 [McL16]). Let γ be any Reeb orbit of α of period T and define
K := dimker(DψT |ξ(γ(0)) − id). Fix some Riemannian metric on C. There is a constant
δ > 0 and a neighborhood N of γ(0) so that for any contact form α1 with ||α − α1||C2 < δ
and any Reeb orbit γ1 of α1 starting in N of period in [T − δ, T + δ] we have µCZ(γ1) ∈
[µCZ(γ)− K2 , µCZ(γ) + K2 ].
3.2. Positive idempotent group I+. Now we consider a strongly asymptotically dynam-
ically convex contact manifold (Σ, ξ,Φ) with Liouville filling (W,λ). We have the following
result due to Lazarev:
Theorem 3.5 (Proposition 3.8 [Laz16]). If (Σ, ξ,Φ) is a strongly asymptotically dynamically
convex contact structure, then all Liouville fillings of (Σ, ξ,Φ) have isomorphic SH+.
3.2.1. Definition of positive idempotent group I+. We also want to define the ring structure.
However as in Remark 2.11, we can not define a product on SH+. Having said that, we can
use the pair-of-pants product on SH∗(W ) to define an invariant for SH+∗ which is independent
of the Liouville filling.
First, let’s recall the tautological short exact sequence:
0→ SC<ǫ∗ (W )→ SC∗(W )→ SC∗(W )/SC<ǫ∗ (W )→ 0.
We have long exact sequence:
· · · → SH<ǫ∗ (W )→ SH∗(W )→ SH+∗ (W )→ SH<ǫ∗−1(W )→ · · · (3.1)
We also have Hn−∗(W,H) ∼= SH<ǫ∗ (W,H) since the admissible Hamiltonian H is C2 small in
W . Therefore we can replace SH<ǫ∗ terms in equation 3.1 by Hn−∗, in particular, we have a
long exact sequence
· · · → H0(W )→ SHn(W )→ SH+n (W )→ H1(W )→ · · · (3.2)
In fact, the map H0(W )→ SHn(W ) in equation 3.2 is a ring homomorphism, see Appendix.
A of [CO18]. Suppose SH∗(W ) 6= 0, then 1W does not maps to the unit in SH∗(W ), where 1W
is the unit of H0(W ), by Theorem 2.17 (also see Lemma A.3 of [CO18]). ThereforeH0(W )→
SHn(W ) is injective, and we will regard it as a subring of SHn(W ). We can thus identify
elements in SHn(W )/H
0(W ) with elements in SH+n (W ). In particular, SHn(W )/H
0(W ) ∼=
SH+n (W ) if H
1(W ) = 0.
Now let’s consider the subgroup of SHn(W ) as follows:
I(W ) := {α ∈ SHn(W )
∣∣α2 − α ∈ H0(W )}. (3.3)
Notice the group action here is ”addition”.
Define the positive idempotent group I+(W ) by
I+(W ) := I(W )/H
0(W ).
By the previous analysis, we can regard I+(W ) as a subgroup of SH
+
n (W ). In the case I+(W )
is finite, we can further define positive idempotent index i(W ) := |I+(W )|.
3.2.2. Properties of I+. Since H
0(W,Z2) ∼= Z2, I+(W,Z2) is determined by I(W,Z2). Recall
that SH∗(W,Z2) has a H1(W,Z)/Tors grading. The first observation is that elements in
H0(W ) have H1/Tors grading zero. Indeed, it’s true for all elements in I(W ). Suppose R
is an algebra over Z2 which is graded by a finitely generated torsion-free abelian group K.
This means that as a vector space, R =
⊕
k∈K
Rk with the property that if a ∈ Rk1 , b ∈ Rk2
then ab ∈ Rk1·k2 . Define I0(R) := {0, 1} and I(R) := {x ∈ R|x2 − x ∈ I0}.
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Lemma 3.6 (Lemma 7.6 [McL07]). If a ∈ I(R) then a ∈ Re where e is identity of group K.
Proof. We argue by contradiction. Suppose we have a = ak1 + · · · + akn where ki ∈ K and
aki ∈ Rki , k1 6= e. Then a2 = ak21 + · · · + ak2n . Since K is torsion free, there is a group
homomorphism p : K → Z such that p(k1) 6= 0. This map actually gives R a Z grading.
Let b be an element in R, then it can be uniquely written as b = b1 + · · · + bk where bk are
non-zero elements of R with grading di ∈ Z. We can define a function f as follows:
f(b) := min{|di| 6= 0}
Note that f is well-defined only if at least one of the d′is is non-zero. And when it is well-
defined, f(b+1) = f(b) because 1 ∈ Re and has grading 0. The assumption p(k1) 6= 0 implies
that f(a) is well defined and positive. On the other hand, we have a ∈ I(R), which means
a2 = a or a2 = a + 1. Either way, it implies f(a2) = f(a), which contradicts the fact that
f(a2) ≥ 2f(a). 
Corollary 3.7. Any element in I(W ) is null-homologous in H1(W,Z)/Tors.
Therefore, we can refine our definition of I(W ) to be
I(W ) := {α ∈ SH0n(W )
∣∣α2 − α ∈ H0(W )}.
where SH0∗ (W ) is generated by all null-homologous Reeb orbits. In the case of strongly
asymptotically dynamically convex contact manifolds (with respect to certain framing Φ),
different Liouville fillings have isomorphic positive idempotent group, as stated in Theo-
rem 1.1, the proof will be deferred to section 4.
3.3. Effect of contact surgery.
Theorem 3.8 (Theorem 3.15 [Laz16], [Yau04]). If (Y 2n−11 , ξ1), n ≥ 2, is an asymptotically
dynamically convex contact structure and (Y2, ξ2) is the result of index k 6= 2 subcritical
contact surgery on (Y1, ξ1), then (Y2, ξ2) is also asymptotically dynamically convex.
Now we are in the position to prove Proposition 1.8.
Proof of Proposition 1.8. Recall that W1 is a flexible Weinstein domain, so SH∗(W ) = 0
(see [BEE12]). By lemma 1.7, ∂W1 is asymptotically dynamically convex and so is W by
assumption. Moreover, ∂Vk is obtained by attaching a Weinstein 1−handle to asymptotically
dynamically convex contact manifold, therefore it is asymptotically dynamically convex by
Theorem 3.8. A well known fact is that subcritical surgery does not change symplectic
homology as a ring, see Theorem 2.19. We have
SHn(Wi) ∼= SHn(W )⊕ · · · ⊕ SHn(W )︸ ︷︷ ︸
i
⊕SHn(W1)⊕ · · · ⊕ SHn(W1)︸ ︷︷ ︸
k−i
=
i⊕
j=1
SHn(W )
so we have
I(Wi) ∼= I(W )⊕ · · · ⊕ I(W )︸ ︷︷ ︸
i
.
Since SH∗(W ) 6= 0 and is finite dimensional, {0, 1W } ⊂ I(W ). We therefore have 2 ≤
|I(W )| <∞, so |I(Wi)| = |I(W )|i are mutually distinct. Therefore, |I+(Wi)| 6= |I+(Wj)| for i 6=
j.

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Theorem 3.9 ( [Laz16], [Yau04]). Let (Σ1, ξ1) be a strongly asymptotically dynamically
convex contact structure with respect to Φ, and (αk,Dk) as in Definition 3.2 and (Σ2, ξ2) be
the result of index 2 contact surgery on Λ1 ⊂ Σ1 so that the trivialization Φ extends to the
handle. Then (Σ2, ξ2) is also strongly asymptotically dynamically convex with respect to Φ.
Remark 3.10. Since the trivialization Φ of the canonical bundle of (Σ1, ξ1) extends to the
attaching handle, so by abuse of notation, the trivialization of the canonical bundle of (Σ2, ξ2)
which is obtained by extending Φ to the attaching handle is still denoted by Φ.
Proposition 3.11 (Proposition 5.5 [Laz16], [Yau04]). Let Λk−1 ⊂ (Σ2n−11 , α1), n > 1, be
an isotropic sphere with k < n. For any D > 0 and integer i > 0, there exists ǫ =
ǫ(D, i) > 0 such that if (Σ2, α2) is the result of contact surgery on U
ǫ(Λ, α) with respect
to the trivialization Φ, then there is a grading preserving bijection between P<DΦ (Σ2, α2) and
P<DΦ (Σ1, α1) ∪ {γ1, · · · , γl} where |γi| = 2n− k − 4 + 2i.
Remark 3.12. The proof largely follows [Laz16] proposition 5.5, with only minor changes
regarding the non-contractible Reeb orbits. The difference in the Strongly ADC case is that
we need to choose the trivialization to define the Conley-Zehnder index.
Proof of Proposition 3.11. As explained in [Yau04], the surgery belt sphere S2n−k−1 contains
a contact sphere (S2n−2k−1, ξstd). After taking appropriate sequence of contact forms on
(Σ2, ξ2), the Reeb orbits of (Σ2, ξ2) correspond to the old Reed orbits of (Σ1, ξ1), plus the
new orbits of (S2n−2k−1, ξstd) inside the belt sphere of action less than D. The correspondence
is natural since the trivialization of the canonical bundle extends over the surgery. These new
orbits corresponds to the iterations γ1, · · · , γl of a single Reeb orbit γ, see [Yau04]. Moreover,
µCZ(γ
i) = n − k − 1 + 2i and therefore |γi| = 2n − k − 4 + 2i. Meanwhile, by shrinking the
handle, the action can be made arbitrarily small and therefore we can ensure that arbitrarily
large iterations of γ have action less than D. 
For Λ ⊂ Σ, Since J1(Λ) ≃ T ∗Λ × R, choose a Riemannian metric on Λ. Let U ǫ(Λ) ⊂
(J1(Λ), αstd) be {||y|| < ǫ, |z| < ǫ}, the metric on Λ to define ||y|| on the fiber, z is the
coordinate on R. If Λ ⊂ (Y, α) is Legendrian, let U ǫ(Λ, α) ⊂ (Y, α) be a neighborhood of Λ
that is strictly contactomorphic to U ǫ(Λ).
Proposition 3.13 (Proposition 6.7 [Laz16]). Let α1 > α2 be contact forms for (Σ, ξ) and
let Λ ⊂ (Σ, ξ) be an isotropic submanifold with trivial symplectic conormal bundle. Then for
any sufficiently small δ1, δ2, there exists a contactomorphism h of (Σ, ξ) such that
• h is supported in U ǫ(Λ, α1), h|Λ = Id, and h∗α2 < 4α1
• h∗α2|Uδ1 (Λ,α1) = cα1|Uδ1 (Λ,α1) for some constant c (depending on δ1, δ2)
• h(U δ1(Λ, α1)) ⊂ U δ2(Λ, α2).
Proposition 3.14 (Remark 6.5 [Laz16]). Let Λ ⊂ (Σ2n−11 , ξ1), n > 2 be an isotropic sphere
and (Σ2, ξ2) be the result of contact surgery on Λ which extends the chosen trivialization Φ
of the canonical bundle. Suppose (Σ1, ξ1) is a strongly asymptotically dynamically convex
contact structure with respect to the trivialization Φ and has (αk,Dk) as in Definition 3.2. If
αk|Uǫ(Λ,α1) = ckα1|Uǫ(Λ,α1) for some constants ǫ, ck, then (Σ2, ξ2) is also strongly asymptoti-
cally dynamically convex with respect to the trivialization Φ.
Proof of Theorem 3.9. Now we will proceed exactly as Lazarev did, keeping in mind that
we are dealing with the strongly ADC property. We can apply Proposition 3.13 so that the
conditions of Proposition 3.14 are satisfied.

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4. I+ is an invariant of ADC contact manifolds
We will follow Lazarev’s approach. First we will introduce the procedure called stretching-
the-neck. Here we use the notation in [Laz16].
Let V ⊂ Ŵ be a Liouville subdomain with contact boundary (Z,αZ). Consider a collar
of Z in V symplectomorphic to (Z × [1 − δ, 1], d(tαZ )) for small δ. Let J ∈ Jstd(W ) be
cylindrical in Z × [1 − δ, 1] and set J ′ := J |Z×[1−δ,1]. For 0 < R < 1 − δ, we extend J ′ to
a cylindrical almost complex structure on Z × [R, 1], which we also call J ′. Now let fR be
any diffeomorphism [R, 1] → [1− δ, 1] whose derivative equals 1 near the boundary. We can
define JR ∈ Jstd(W ) to be (Id × fR)∗J ′ on Z × [1 − δ, 1] and J outside Z × [1 − δ, 1]. It
is smooth because of the derivative condition on fR. If Js ∈ Jstd(W ) is a homotopy that is
cylindrical and s-independent in Z × [1 − δ, 1], then we can apply the same construction to
obtain a homotopy JR,s.
Let (Hs, Js), s ∈ R be a homotopy with (Hs, Js) = (H−, J−) for s ≪ 0 and (Hs, Js) =
(H+, J+) for s≫ 0, and Hs ≡ 0 in Z× [1−δ, 1] ⊂ V . Furthermore, let x+, x− be Hamiltonian
orbits of H+,H− respectively in the source and target of the maps induced by (Hs, Js).
Proposition 4.1 (Proposition 3.10 [Laz16]). Suppose that (Z,α) is strongly ADC with respect
to the trivialization Φ and all elements of P<DΦ (Z,α) have positive degree. If AH+(x+) −
AH−(x−) < D, then there exists R0 ∈ (0, 1−δ) such that for any R ≤ R0, all rigid (Hs, JR,s)-
Floer trajectories are contained in Ŵ \ V .
Remark 4.2. If Hs is independent of s, then the Floer trajectories define the differential;
if Hs is an decreasing homotopy, then (Hs, JR,s)-Floer trajectories define the continuation
map.
In P.Uebele’s paper [Ueb15], the pair-of-pants product is defined for “index-positive” con-
tact manifold, where the symplectic homology used is actually Rabinowitz-Floer homology.
Though as the paper points out, the ring structure is not well defined on SH+. However, at
the chain level, if the pair-of-pants product is asymptotic to Hamiltonian orbits of positive
action, then by the stretching-the-neck technique, we can prove the pair-of-pants does not
enter the interior of the Liouville filling. In [Ueb15], this is proved for index-positive contact
manifolds. However, it is not true for Strongly ADC contact manifolds in general. That
being said, the pair-of-pants does not enter the interior of the filling when the indices of the
Hamiltonian orbits of the asymptotes are high enough. To be precise, we have the following:
Proposition 4.3. Suppose that (Z,α) is strongly ADC with respect to the trivialization Φ
and all elements of P<DΦ (Z,α) have positive reduced Conley-Zehnder index. Furthermore, let
AH(xi) < D/2(i = 1, 2, 3) be non-constant Hamiltonian orbits such that µCZ(x1)+µCZ(x2)−
µCZ(x3) = n and µCZ(xi) ≥ n, i = 1, 2, then there exists R0 ∈ (0, 1 − δ) such that for any
R ≤ R0, all pair-of-pants products are contained in Ŵ \ V .
Proof. The proof is a combination of proposition 3.10 of [Laz16] and lemma 3.12 of [Ueb15].
First of all, we have to rule out the breaking as in Figure 4 (Similarly with x1 and x2
exchanged).
Suppose we have the breaking as in Figure 4, then the top level has positive dimension,
and we have (see lemma 3.10 of [Ueb15])
µCZ(x1)− µCZ(x3)− µCZ(γ1)− n+ 3 ≥ 0
and
µCZ(x2)− µCZ(γ2) + 3 ≥ 0.
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x1
x3
x2
γ2γ1
µCZ(x1)− µCZ(x3)− µCZ(γ1)− n+ 3 ≥ 0
µCZ(x2)− µCZ(γ2) + 3 ≥ 0
E = AH(x1)−AH(x3)−A(γ1)
Figure 4. Top of Floer building is connected (such breaking does not occur).
Hamiltonian orbits are represented by continuous lines, Reeb orbits by dashed
lines.
Then, since
µCZ(x1) + µCZ(x2)− µCZ(x3) = n,
these conditions are reduced to
µCZ(γ1) ≤ 3− µCZ(x2) and µCZ(γ2) ≤ 3 + µCZ(x2).
In particular,
µCZ(γ1) ≤ 3− n.
Meanwhile, the Floer energy of the top level would be
0 ≤ E = AH(x1)−AH(x3)−A(γ1).
So
0 < A(γ1) ≤ AH(x1)−AH(x3) < D.
We have γ1 ∈ P<DΦ (Z,α), which implies µCZ(γ1) > 3 − n, which is a contradiction. Now
we know that the top of the Floer building is connected, so we can proceed as in the proof
of proposition 3.10 of [Laz16]. We prove this by contradiction. Suppose the pair-of-pants
product breaks after neck-stretching and γk are the Reeb orbits in the top of the Floer
building as in [Laz16]. The virtual dimension of the moduli space of the top Floer building
is
|x1|+ |x2| − |x3| −
∑
|γk| < 0.
Contradiction. 
Now if we further require that the admissible Hamiltonian H has a unique minimum (which
is always possible and compatible with our requirements on admissible Hamiltonians), then
the Floer chain complex SC∗(W,H, J) = O∗(W,H, J) ⊕ C∗(W,H, J), where O∗(W,H, J) is
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p
q x
+
1
x+2
x−3
x+1
x+2
x−3
W
V
HW
HV
Σ× {1}
Σ× {R} Neck-stretching
(HW , JW ) ≡ (HV , JV )
x+1 ⊗W x+2 = x−3 + p
x+1 ⊗V x+2 = x−3
Figure 5. Pair-of-pants product for different fillings W and V and the nat-
ural identification of C<Dn (W,HW , JW ) and C
<D
n (V,HV , JV ). On the chain
level, pair-of-pants product are the same, up to a difference in O<Dn . Morally,
the difference vanishes when elements are quotiented by O<Dn ; I+(W ) is there-
fore isomorphic to I+(V ).
generated by all non-constant Hamiltonian orbits and C∗(W,H, J) is generated by all constant
Hamiltonian orbits (critical points of H). Since H is C2 small in W , the action of the critical
points is small, and the Floer differential d coincides with the Morse boundary operator d1.
We therefore have (SC<δ∗ (W,H, J), d) = (C∗(W,H, J), d1) and SC+∗ (W,H, J) = O∗(W,H, J).
For degree reasons, Cn(W,H, J) = Z2 < p >, where p is the unique minimum of H. Note
that d(p) = d1(p) = 0 and we have the fact that d(x+ p) = 0 implies d(x) = d(p) = 0.
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Proof of Theorem 1.1. As shown in Figure 5, let W,V be two different Liouville fillings
for a strongly ADC contact manifold (Σ, λ). Suppose HDW ,H
D
V are Hamiltonians (as in
Subsection 2.4.1) whose slopes at infinity are D /∈ Spec(Σ, λ). We can further assume
that they have unique minima which are denoted by p, q respectively. Note that any ele-
ment x ∈ O∗(W,HW , JW ) has action AHW (x) < D. As shown above, O∗(W,HW , JW ) =
SC+∗ (W,HW , JW ).
After neck-stretching, we can assume that
(HW , JW )|Σ×[R,∞) ≡ (HV , JV )|Σ×[R,∞)
So we have O∗(W,HW , JW ) = O∗(W,HV , JV ). Proposition 4.1 shows that Floer cylinders
with asymptotes in SC+∗ (W,HW , JW ) are entirely contained in Σ× [R,∞). Therefore Floer
differentials of O∗(W,HW , JW ) and O∗(W,HV , JV ) coincide. We will suppress W and V in
the notation and denote them by (O∗(H,J), ∂)((O<K∗ (H,J), ∂) if it is filtered above by action
K). We have the pair-of-pants product ⊗W on
SC<D/2n (W,H
D, J) = O<D/2n (H
D, J) ⊕C<D/2n = O<D/2n (HD, J)⊕ Z2 < p >
defined as
SC<D/2n (W,H
D, J)⊗ SC<D/2n (W,HD, J)→ SC<Dn (W,HD, J) (4.1)
(x, y) 7→ x⊗W y. (4.2)
By Proposition 4.3, ⊗W coincides with ⊗V on components in O<Dn (HD, J), that is, for x, y ∈
O
<D/2
n (HD, J), x ⊗W y = z + δW (x, y), where z ∈ O<Dn (HD, J) and δW (x, y) ∈ Z2 < p >.
Note that δW (x, y) is closed in SC
<D
n (H,J). Likewise, we have x ⊗V y = z + δV (x, y),
where z ∈ O<Dn (HD, J) and δV (x, y) ∈ Z2 < q >. Now for any α ∈ I<D/2(W,HW , JW ) ⊂
SH
<D/2
n (W,HW , JW ), we have
α = [x+ ǫp]W = [x]W + ǫ[p]W = [x]W + ǫeHW
where x ∈ OD/2n (H,J), ǫ = 0or 1. x⊗W x = z + δW (x, x) implies
α2 − α = [x]2W + ǫ2e2HW − [x]W − ǫeHW = [z − x+ δ(x, x)]W = [z − x]W + [δ(x, x)]W
So α ∈ I<D/2(W,HW , JW ) is equivalent to
[z − x]W + [δ(x, x)]W ∈ H0(W ).
But since [δ(x, x)]W ∈ H0(W ), α ∈ I<D/2(W,HW , JW ) is equivalent to [z − x]W ∈ H0(W ).
Hence for x ∈ O<D/2n (H,J), ∂(x) = 0 (∂ is Floer differential on O<D/2n (H,J)),
[x]+W ∈ I+(W,HW , JW )⇐⇒ [z − x]+W ∈ SH+,<D/2n (H,J)
where [y]+W stands for the equivalence class of y ∈ O∗(H,J) in SH+n (W,HW , JW ). We
can prove the same results for V similarly. Therefore we have an isomorphism between
I
<D/2
+ (W,HW , JW ) and I
<D/2
+ (V,HV , JV ):
[x]+W 7→ [x]+V .
Since SH
+,<D/2
n (W,HW , JW ), SH
+,<D/2
n (V,HV , JV ) can be defined by (Σ× [R,∞),H, J) as
the Floer cylinder never enters the interior. Therefore we have the identity
SH
+,<D/2
∗ (W,HW , JW ) ∼= H∗(O<D/2∗ (H,J), ∂) ∼= SH+,<D/2n (V,HV , JV ),
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the inclusion map SH
+,<D/2
n (W,HW , JW ) → SH+n (W,HW , JW ) commute with the above
isomorphism,
I
<D/2
+ (W,HW , JW ) SH
+,<D/2
n (W,HW , JV ) SH
+
n (W,HW , JV )
I
<D/2
+ (V,HV , JV ) SH
+,<D/2
n (V,HV , JV ) SH
+
n (V,HV , JV )
i
∼=
i
∼= ∼=
i i
and we can therefore take the direct limit with respect to HW . Since we already know
SH+∗ (W ) is isomorphic to SH+∗ (V ) by Theorem 3.5, it follows that I+(W ) ∼= I+(V ).

Remark 4.4. We can also proceed exactly as in proof of proposition 3.8 in [Laz16]. The key
point is to use the essential complex as defined in that proof.
5. Brieskorn Manifolds
5.1. Definition of Brieskorn manifolds. Let a = (a0, a1, · · · , an) be an (n + 1)-tuple of
integers ai > 1, z := (z0, z1, · · · , zn) ∈ Cn+1, and set f(z) := za00 + za11 + · · · + zann , we define
Brieskorn Variety as
Va(t) := {(z0, z1, · · · , zn) ∈ Cn+1|f(z) = t} for each t ∈ C. (5.1)
We will often suppress a when it causes no confusion, and define Xst = V (t) ∩B(s).
Further, with S2n+1 denoting the unit sphere in Cn+1, we define the Brieskorn Manifold
as the intersection of Brieskorn Variety Va(0)with the unit sphere:
Σ(a) := Va(0) ∩ S2n+1.
Lemma 5.1 (Lemma 96 [Fau16], Lemma 7.1.1 [Gei08]). Σ(a) and Va(t), t 6= 0 are smooth
manifolds.
Proof. We set ρ(z) := ||z||2 =∑ zkz¯k and consider the maps
f : Cn+1 → C and (f, ρ) : Cn+1 → C× R
Since Va(t) = f
−1(t) and Σ(a) = (f, ρ)−1(0, 1), it suffices to show that t (respectively (0, 1))
are regular values. With a little Wirtinger calculus (and using the fact that f is holomorphic)
we find the Jacobian matrix
D(f, ρ) =
a0za0−10 · · · anzan−1n 0 · · · 00 · · · 0 a0z¯0a0−1 · · · anz¯nan−1
z¯0 · · · z¯n z0 · · · zn

For z 6= 0 the first two rows of D(f, ρ) are linearly independent, which implies that ǫ 6= 0
is a regular value of f . If z is a point where this matrix has rank smaller than 3, there exists
a non-zero complex number λ such that z¯k = λakz
ak−1
k for all k and hence
n∑
k=0
zkz¯k
ak
= λ
n∑
k=0
zakk = λ · f(z)
This equality is incompatible with the conditions ρ(z) = 1 and f(z) = 0 for a point z ∈ Σ(a).

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5.2. Topology of Brieskorn manifolds. Now, we give some topological facts about Brieskorn
manifolds without proof.
Proposition 5.2 (Theorem 5.2 [Mil16] ). A Brieskorn manifold Σ(a)2n−1 is (n−2)-connected.
5.3. Trivialization and Conley-Zehnder index. Let us consider on Cn+1 the following
Hermitian form given by
< ξ, ζ >a:=
1
2
n∑
k=0
akξkζ¯k.
It defines a symplectic 2-form
ωa :=
i
4
n∑
k=0
akdzk ∧ dz¯k.
Notice that Yλ(z) :=
z
2 is a Liouville vector field for ωa, with the corresponding 1-form
λa := ωa(Yλ, ·) = i
8
n∑
k=0
ak(zkdz¯k − z¯kdzk).
Proposition 5.3 (Proposition 97 [Fau16], [LM76]). The restriction αa := λa|Σ is a contact
form on Σ(a) with Reeb vector field Ra given by
Ra = 4i(
z0
a0
,
z1
a1
, · · · , zn
an
).
Proof. The gradient of f with respect to < ·, · >a is given by
∇af := 2(z¯0a0−1, z¯1a1−1, · · · , z¯nan−1).
The Liouville vector field YV of the restricted 1-form λa|Va(0) with respect to the restricted
symplectic form ωa|Va(0)is given by
YV := Yλ − < ∇af, Yλ >a||∇af ||2a
· ∇af.
Note that TVa(t) = ker df = ker < ∇af, · >a, which shows that YV ∈ TVa(0). Furthermore,
we have for any ξ ∈ TVa(0),
ωa(YV , ξ) = ωa(Yλ, ξ)−< ∇af, Yλ >a||∇af ||2a
·ωa(∇af, ξ) = λa(ξ)+< ∇af, Yλ >a||∇af ||2a
·Im < ∇af, ξ >)a︸ ︷︷ ︸
=0
= λa(ξ)
So this indicates that YV is the Liouville vector field for the pair (ωa|Va(0), λa|Va(0)). Now
notice that dρ =
n∑
k=0
z¯kdzk + zkdz¯k (ρ is defined in the proof of lemma 5.1) and we have
dρ(YV ) =
∑ zkz¯k
2
− < ∇af, Yλ >a||∇af ||2a
∑
2z¯k · z¯kak−1 = ρ(z)
2
− < ∇af, Yλ >a||∇af ||2a
· 2 ¯f(z) = 1
2
.
since ρ(z) = 1 and f(z) = 0. It follows that YV points out of the unit sphere and hence out
of Σ(a) in Va(0). It follows that Σ(a) is a contact hypersurface in Va(0). Now we are going
to check that Ra is the Reeb vector field of αa. For any z ∈ Σ(a), we have
< Ra,∇af >a= 4i
n∑
k=0
zakk = 4if(z) = 0,
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dρ(Ra) =
n∑
k=0
zk(−4i)z¯k + z¯k4izk = 0
The two equations above shows that Ra is a tangent vector. We also have
αa(Ra) = λa(Ra) =
i
8
n∑
k=0
ak(
4i
ak
z¯k − z¯k 4i
ak
zk) = ρ(z) = 1,
ιRadαa =
i
4
n∑
k=0
(4i
zk
ak
dz¯k − (−4i) z¯k
ak
) = −
n∑
k=0
(zkdz¯k + z¯kdzk) = −dρ.
The latter form is zero for vectors in TΣ(a), therefore, Ra is the Reeb vector field. 
Proposition 5.4 (Corollary 98 [Fau16]). The symplectic complement ξ⊥
a
with respect to ωa
of the contact structure ξa := kerαa inside C
n+1 is symplectically trivialized by the following
4 vector fields:
• X1 := ∇af||∇af ||a
• Y1 := i ·X1
• X2 := YV
• Y2 := Ra.
Proof. X1, Y1 generate the complex complement of TVa(0) while X2, Y2 generate the sym-
plectic complement of ξa in TVa(0), so we have
ωa(X1,X2) = ωa(X1, Y2) = ωa(Y1,X2) = ωa(Y1, Y2) = 0.
Meanwhile we have
ωa(X1, Y1) = 1, ωa(X2, Y2) = λa(Ra) = 1.
The latter equation comes from the proof of proposition 5.3. 
The Reeb vector field Ra = 4i(
z0
a0
, z1a1 , · · · , znan ) generates the following flow:
ψt
a
(z) = (e
4it
a0 · z0, · · · , e
4it
an · zn)
The submanifolds ΣT of period T ∈ πZ/2 are given by
ΣT =
{
z ∈ Σ(a)
∣∣∣ zk = 0 if T
ak
∈ πZ/2
}
.
ΣT is not empty if and only if the relation
T
ak
∈ πZ/2 is satisfied by at least 2 different k,
as z ∈ Σ(a) has at least 2 non-zero entries. Note that ΣT is the intersection Σ(a) ∩ V (a, T ),
where V (a, T ) denotes the complex linear subspace
V (a, T ) :=
{
z ∈ Cn+1
∣∣∣ zk = 0 if T
ak
/∈ π
2
Z
}
whose complex dimension is given by
dimC V (a, T ) :=
∣∣∣∣∣{k ∣∣∣ 0 ≤ k ≤ n, Tak ∈ π2Z
}∣∣∣∣∣,
where |S| denotes the cardinality of the set S. We notice that ΣT is therefore isomorphic to
the Brieskorn manifold Σ(a(T )), where
a(T ) = (a0, · · · , aˆi, · · · , an)
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is a subset of a. Here aˆi means the term ai is omitted, when
T
ai
/∈ π2Z. The differential of φa
at time t is given by
Dψt
a
= diag
(
e4it/a0 , · · · , e4it/an)
It follows that
ker(Dzψ
T
a
∣∣
TzΣ(a)
− id) = TzΣ(a) ∩ V (a, T ) = TzΣT
Therefore ΣT is Morse-Bott submanifold.
The calculation of the indices of all closed Reeb orbits can be found in various literature,
see [KvK16], [Ust99]. We conclude this subsection with the following proposition:
Proposition 5.5 ( [KvK16], [Fau16]). Let γ ∈ Σ(a) be a fractional Reeb of period t. We
have
µCZ(γ) =
n∑
k=0
(⌊
2t
akπ
⌋
+
⌈
2t
akπ
⌉)
−
(⌊
2t
π
⌋
+
⌈
2t
π
⌉)
Proof. First we notice that the indices are canonically defined when n ≥ 4, by Proposition 5.2.
Recall the Reeb vector field in Proposition 5.3, Ra = 4i(
z0
a0
, z1a1 , · · · , znan ). The associated Reeb
flow is
ψt
a
(z) = (e
4it
a0 · z0, · · · , e
4it
an · zn).
We regard this as a flow on Cn+1 as opposed to Σ(a). This perspective gives us the advantage
of calculating the indices directly on Cn+1. If we take the standard trivialization of TCn+1,
then the linearized return map is
Dψt
a
= diag
(
e4it/a0 , · · · , e4it/an) =: Ψt.
By Proposition 5.4, we have the trivialization of the symplectic complement ξ⊥
a
. The lin-
earized return map of the flow on ξ⊥
a
gives:
• Dψt
a
(X1(z)) = e
4it ·X1(ψta(z)),
• Dψt
a
(Y1(z)) = e
4it · Y1(ψta(z)),
• Dψt
a
(X2(z)) = X2(ψ
t
a
(z)),
• Dψt
a
(Y2(z)) = Y2(ψ
t
a
(z)).
It follows that the linearized map of Dψt
a
on ξ⊥
a
under the prescribed trivialization is the
diagonal matrix:
Ψt2 :=
[
e4it 0
0 1
]
A trivialization of ξa along the Reeb orbit gives us the linearization of Ψ
t
1 of ψ
t
a
on ξa. Any
trivialization of ξa and ξ
⊥
a
combined gives rise to a trivialization of TCn+1, which is homotopic
to the standard one. Therefore by the product property of the Conley-Zehnder index and
using remark 2.21, we find that
µCZ(γ) = µCZ(Ψ1) =µCZ(Ψ)− µCZ(Ψ2)
=
n∑
k=0
(⌊
2t
akπ
⌋
+
⌈
2t
akπ
⌉)
−
(⌊
2t
π
⌋
+
⌈
2t
π
⌉)
.

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Lemma 5.6. Let a = (a0, a1, a2, · · · , an), where the a′is are positive integers, and
∑ 1
ak
≥ 1.
Then the following function fa : R+ → Z,
fa(x) =
n∑
k=0
(⌊
x
ak
⌋
+
⌈
x
ak
⌉)
−
(⌊
x
⌋
+
⌈
x
⌉)
has a minimum, denoted by m(a). In particular, if a = (2, 2, 2, a1, · · · , an), then m(a) ≥ 2,
where a′ks are positive integers, n ≥ 2.
Proof. We notice that 2x− 1 < ⌊x⌋+ ⌈x⌉ < 2x+ 1, we have
fa(x) > 2
( n∑
k=0
1
ak
− 1)x− n− 1 ≥ −n− 1,
which proves the first part. For the second part, we have
fa(x) = 3
(⌊
x
2
⌋
+
⌈
x
2
⌉)
+
n∑
k=1
(⌊
x
pk
⌋
+
⌈
x
pk
⌉)
−
(⌊
x
⌋
+
⌈
x
⌉)
Note that fa(x+ 2) ≥ fa(x) + 2, so the minimum is obtained in x ∈ (0, 2]. On this interval,
we have fa(x) = 3
(⌊
x
2
⌋
+
⌈
x
2
⌉)
+ n−
(⌊
x
⌋
+
⌈
x
⌉)
, which is
fa(x) =

2 + n x ∈ (0, 1),
1 + n x = 1,
n x ∈ (1, 2),
4 + n x = 2.
hence our conclusion. 
6. Exotic contact manifolds
6.1. Liouville domains admitting group actions. We need to find a Liouville domain
(W,λ) with the contact manifold Σ(a) as its boundary. While Va(0) has a singularity at
the origin, Va(ǫ) is smooth. Therefore we will follow Alexander Fauck’s approach [Fau16] to
overcome this by constructing an interpolation between Va(0) and Va(ǫ). First, we choose
a smooth monotone decreasing cut-off function β ∈ C∞(R) with β(x) = 1, x ≤ 14 and
β(x) = 0, x ≥ 34 . Then we define (we will often omit a)
Ua(ǫ) := {z ∈ Cn+1|za00 + · · · + zann = ǫ · β(||z||2)}.
Let
W sǫ := Uǫ ∩B(s)
we have
Proposition 6.1 (Proposition 99 [Fau16]). For sufficiently small ǫ,(X1ǫ , λ) is a Liouville
domain with boundary (Σ(a), αa) and vanishing first Chern class.
Moreover, we have a cyclic group
C(L) := { e 2πkiL ∈ C | k ∈ Z } =< ζ >
34 MU ZHAO
acting on (Cn+1)∗, which is generated by :
ζ∗ : (Cn+1)∗ −→ (Cn+1)∗
(z0, z1, · · · , zn) 7→ (z0ζb0 , z1ζb1 , · · · , znζbn)
where L := lcm aj , bj := L/aj , ζ := e
2πi
L . We can easily see that the 1-form λa is C(L)-
invariant.
We can restrict this group action to the subsets of (Cn+1)∗ mentioned above and obtain
a C(L)−action on the manifolds Xsǫ and W sǫ . By definition, X1/2ǫ = U(ǫ) ∩ B(1/2) =
V (ǫ) ∩B(1/2) =W 1/2ǫ . We have the following proposition:
Proposition 6.2. For sufficiently small ǫ > 0, there is a C(L)-equivariant isotopy between
the following pairs of Liouville domains:
• X1ǫ and X1/2ǫ ,
• W 1ǫ and and W 1/2ǫ .
Proof. We only give a proof for the existence of a C(L)-equivariant isotopy between W 1ǫ and
W
1/2
ǫ . We can prove the same results for X1ǫ and X
1/2
ǫ verbatim. Consider the function
ρ(z) = ||z||2 on Vǫ. If for sufficiently small ǫ, the critical values of ρ restricted to W 1ǫ are less
that 1/4, then we are done, by lemma 6.3. Indeed, we have fǫ(z) := f(z) − ǫ · β(||z||2) on
Cn+1 and its differential is given by
Dfǫ = Df − ǫ · β′(||z||2) ·Dρ
so the map
(fǫ, ρ) : C
n+1 → C× R
has Jacobian matrix (Df − ǫ · β′(||z||2) ·Dρ,Dρ), which has the same rank as (Df,Dρ). So
by the same argument in the proof of lemma 5.1, if z is a point where the Jacobian is not
full rank, then we have for some complex number λ, z¯k = λakz
ak−1
k for all k. For ||z|| ≥ 1/2,
we have |zk0 | ≥ 12√n for some k0, so
|zk0 | = |λ| · ak0 · |zk0 |ak0−1
i.e,
|λ| = |zk0 |
2−ak0
ak0
≤ (2
√
n)ak0−2
ak0
≤ C(a) (6.1)
where C(a) := max
0≤k≤n
{ (2
√
n)ak−2
ak
} only depends on a and n. Meanwhile, we have
n∑
k=0
zkz¯k
ak
= λ
n∑
k=0
zakk = λ · f(z) = λ · ǫβ(||z||2) (6.2)
Combining equations (6.2) and (6.1), we have
n∑
k=0
zkz¯k
ak
= λ · ǫβ(||z||2) ≤ ǫ · C(a) (6.3)
On the other,
n∑
k=0
zkz¯k
ak
≥ 1
max{aj}
n∑
k=0
zkz¯k ≥ 1
max{aj} · ||z||
2 =
1
4max{aj} (6.4)
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Equations (6.4) and (6.3) cannot hold for sufficiently small ǫ at the same time, and therefore
the function ρ has no critical points in ||z|| ≥ 1/2, hence all critical values are less than
1/4. 
Lemma 6.3 (Theorem 2.2.2 [Nic11]). Suppose finite group G acts on a manifold M and f
is a G-invariant exhausting function on M . Moreover, assume that no critical value of f
is contained in [a, b] ⊂ R, then there is a G-equivariant isotopy φt between the sublevel sets
Ma := f−1((−∞, a]) and M b := f−1((−∞, b]), and φt coincides with Id outside a compact
set.
Proof. Since there are no critical values of f in [a, b] and the sublevel sets are compact, we
deduce that there exists ǫ > 0 such that
{a− ǫ < f < b+ ǫ} ⊂M \ Crit(f).
First we fix a gradient-like G-invariant vector field Y and construct a compactly supported
G-equivariant smooth function
g : M → [0,∞)
such that
g(x) =
{
1
|Y f | , a ≤ f(x) ≤ b,
0, f(x) /∈ (a− ǫ, b+ ǫ).
We can now construct a G-invariant vector field X := gY on M and we denote by
φ : R×M →M, (t, x)→ φt(x)
the flow generated by X. Clearly the flow commutes with the group action, so φt is G-
equivariant. If u(t) is an integral curve of X, then differentiating f along u(t) in the region
{a ≤ f ≤ b} and get
df
dt
= Xf =
1
Y f
Y f = 1
This implies
φb−a(Ma) =M b
and φt is identity outside the region {a− ǫ < f < b+ ǫ}. 
Remark 6.4. By proposition 6.1, (X
1/2
ǫ ,Φ∗tλ) is a family of C(L)−equivariant Liouville
structures. Then by corollary 2.5, we have (X
1/2
ǫ , λ) is C(L)− equivariant Liouville isomor-
phic to (X1ǫ , λ). By the same token, (W
1
ǫ , λ) is C(L)− equivariant Liouville isomorphic to
(W
1/2
ǫ , λ) and therefore to (X1ǫ , λ).
Let φt(z) :=
1
8
n∑
j=0
cj(t)|zj |2, where cj(t) is a linear interpolation such that cj(0) = 1, cj(1) =
aj . It’s easy to check that φt is plurisubharmonic on Va(ǫ). Indeed, φt is i-convex on C
n+1
since ∆φt > 0 and Va(ǫ) is a smooth complex submanifold. So (Va(ǫ), i, φt) are C(L)−
equivariant Stein manifolds.
Since X1ǫ = φ
−1
0 ((−∞, 1/8]), (X1ǫ , i, φ0) is a C(L)−equivariant Stein domain. Seen as a
Liouville domain, (X1ǫ ,−dCφ0) is C(L)−equivariant Liouville isomorphic to (X1ǫ , λ) as follows:
Proposition 6.5. There is a C(L)-equivariant Liouville homotopy between (X1ǫ ,−dCφ0) and
(X1ǫ , λ), for sufficiently small ǫ.
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Proof. Notice that for λ = −dCφ1, it suffices to prove the critical points of φt are contained in
a compact set {||z|| ≤ 1/3}, then ∇φtφt will be transversal to the boundary, and −dCφt will
be a family of C(L)−equivariant Liouville structures on X1ǫ , so we can conclude the result by
corollary 2.5. In the following we are going to prove that all critical points satisfy ||z|| ≤ 1/3.
Consider the map
(f, φt) : C
n+1 → C× R
Its Jacobian matrix is
D(f, ρ) =
a0za0−10 · · · anzan−1n 0 · · · 00 · · · 0 a0z¯0a0−1 · · · anz¯nan−1
1
8c0(t)z¯0 · · · 18cn(t)z¯n 18c0(t)z0 · · · 18cn(t)zn

If z is a point where this matrix has rank smaller than 3, there exists a non-zero complex
number λ ∈ C such that ck(t)8 z¯k = λakzak−1k for all k and
n∑
k=0
ck(t)zk z¯k
8ak
= λ
n∑
k=0
zakk = λ · f(z) = λ · ǫ (6.5)
For ||z|| > 13 , we have |zr| > 13(n+1) for some 0 ≤ r ≤ n. So we have
cr(t)
8
· |z¯r| = |λ| · ar · |zar−1r |
i.e,
|λ| = cr(t)
8ar|zr|ar−2 <
(3(n + 1))ar−2
8
≤ C
where C = max
0≤i≤n
(3(n+1))ai−2
8 , only depends on a. On one hand,we have
n∑
k=0
ck(t)zkz¯k
8ak
= λ
n∑
k=0
zakk = λ · f(z) = λ · ǫ < C · ǫ. (6.6)
On the other hand, we have
n∑
k=0
ck(t)zk z¯k
8ak
≥
n∑
k=0
|zk|2
8ak
≥ 1
72 max
0≤i≤n
{ai} . (6.7)
So for ǫ small enough, equations (6.6) and (6.7) cannot both hold, which implies the critical
points of φt is contained in {||z|| ≤ 1/3}.

Remark 6.6. Since we have φ0(z) =
||z||2
8 , ∇φ0φ0 =
n∑
i=0
(zi∂z¯i+ z¯i∂zi)/2 is complete in C
n+1.
Therefore φ0 is a completely exhausting function on Va(ǫ). By the proof of Proposition 6.5,
all critical points of φ0 are in the interior of X
1
ǫ . It follows that Va(ǫ) is the completion of
X1ǫ by matching the corresponding trajectories of the Liouville fields.
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6.2. Topology of manifolds M0 and M1. Now let’s consider C(L)-equivariant Stein man-
ifold (C∗, i, (log |z|)2/2) where the C(L)−action is multiplication given by
R× (R/2πZ) −→ C∗, (r, θ) 7→ er+θi .
The map gives rise to polar coordinates form of the same Stein manifold (R×S1, j, r2/2) and
the Liouville vector is r∂r, which is complete.
Now we consider the product of the Stein manifolds (C∗, i, (log |z|)2/2) and (Va(ǫ), i, φ0).
It has a free C(L) action as follows:
ζ∗ : Va(ǫ)× C∗ −→ Va(ǫ)× C∗
(z0, z1, · · · , zn, η) 7→ (z0ζb0 , z1ζb1 , · · · , znζbn , ηζ),
where bi = L/ai, ζ ∈ C(L). The product function φ := (log |z|)2/2) + φ0 is a completely
exhausting J−convex Morse function, and the product Stein manifold is of finite type. By
abuse of the notation, we use φ to denote the function on the quotient manifold as well. Also,
M0 := {φ ≤ C} is a Stein domain, where C is greater than all critical values of φ. Hence the
completion M̂0(a) = (Va(ǫ) × C∗)/C(L) since φ is complete. Oftentimes we will suppress a.
If we consider the Weinstein structure instead, the Weinstein domain can be cut out in other
ways, as stated in the following lemma:
Lemma 6.7. Suppose (W,λ, φ) is a finite type Weinstein manifold. Let ψ : W → R be
an exhausting Morse function. Suppose Xλ is nondegenerate and gradient-like for ψ outside
{ψ ≤ 0}. Then {ψ ≤ 0} together with λ is Liouville homotopic to a Weinstein domain
W1 := {φ ≤ K}, for K sufficiently large.
Proof. Let K satisfy
{ψ ≤ 0} ⊂W1 ⊂W2 := {ψ ≤ C}
for some large enough C (conditions will be evident along the line of proof). Notice that
{ψ ≤ 0} is Liouville homotopic to W2. Fix a smooth function ρ (it can be constructed on the
level sets of φ) such that
• ρ = 1 in W1, ρ = 0 outside W2.
• Xλ(ρ) ≤ 0.
Let M := max
p∈W2\W1
(φ − ψ). Now consider the function f = ρφ + (1 − ρ)(ψ +M). We will
show that f is Morse and Xλ is gradient-like for f . We only need to verify X is gradient-like
in W2 \W1. We have
Xλ(f) = ρXλ(φ) + (1− ρ)Xλ(ψ) + (φ− ψ −M)(Xλ(ρ)) ≥ ρXλ(φ) + (1− ρ)Xλ(ψ) > 0
So Xλ is gradient-like for f and f doesn’t have new critical points outside W1. Because
f |W1 = φ|W1 , f is Morse. Hence (λ, f) is also a Weinstein structure on W2, and a linear
interpolation between f and φ gives rise to a family of Weinstein structures. In particular,
it gives rise to a Liouville homotopy. 
In fact, we have an explicit form for the topology of M0. The following quotient map
π : Va(ǫ)× C∗ → Cn+1 \ Va(0)
(z0, z1, · · · , zn, t) 7→ (z0tb0 , z1tb1 , · · · , zntbn)
coincides with the C(L)− action quotient.
Therefore M̂0(a) (hence M0) is diffeomorphic C
n+1 \ Va(0).We have the following proposi-
tion about M0:
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Proposition 6.8. LetM0(a), n ≥ 3 be the manifold defined above. Then π1(M0) = Z,Hi(M0) =
0, i ≥ 2, i 6= n, n+ 1.
Proof. It suffices to prove the results for Cn+1 \ Va(0). We have a deformation retraction
r : Cn+1 \ Va(0)→ S2n+1 \ Σ(a),
and we have the Milnor fibration:
S2n+1 \Σ(a) −→ S1
(z0, z1, · · · , zn) 7→ f(z)||f(z)||
The fibers are homotopic to a bouquet of n−spheres, which is simply connected since n ≥ 3,
the long exact sequence gives us π1(M0) = Z. Meanwhile, H∗(M0) = H∗(S2n+1 \ Σ(a)), and
for 1 < i < 2n, by Alexander duality we have
H˜i(S
2n+1 \ Σ(a)) = H˜2n−i(Σ(a)).
The conclusion follows Theorem 5.2. 
Proposition 6.9. Let M0 be a manifold with π1(M0) = Z,Hi(M0) = 0, i ≥ 2, i 6= n, n + 1.
Suppose γ is a generator for π1(M0) and M1 is the result of attaching a 2-handle along γ.
Then H˜i(M1) = 0, i 6= n, n+ 1.
Proof. The attaching 2-handle kills the generator [γ] so π1(M1) = 0. Meanwhile, Hi(M0) =
0, i ≥ 2, i 6= n, n+ 1 implies Hk(M1) = 0, k ≥ 3, k 6= n, n+ 1 since attaching a 2-handle does
not change higher homology. Let’s denote the 2-handle by H. We have the Mayer-Vietoris
sequence:
· · · → H2(H)⊕H2(M0)→ H2(M1)→ H1(M0 ∩H) i∗−→ H1(H)⊕H1(M0)→ H1(M1)→ · · ·
Here [γ] is the generator of both H1(M0 ∩H) and H1(M0), so i∗ is isomorphism. Hence we
have
· · · → 0→ H2(M1)→ Z
∼=−→ Z→ 0→ · · ·
So H2(M1) = 0. The conclusion follows. 
6.2.1. Handle attachment and trivialization. Now we need to fix a trivialization of the canoni-
cal bundle κ
M̂0
of (TM̂0, J). Since we have the C(L)− equivariant quotient map Va(ǫ)×C∗ →
M̂0, it suffices to fix C(L)− trivializations on both Va(ǫ) and C∗ since
T (Va(ǫ)×C∗) = TVa(ǫ)× TC∗
Notice that the trivialization of the symplectic complement in Proposition 5.4 is C(L)−equivariant,
and the standard trivialization of TCn+1 is also C(L)−equivariant, as long as ∑ni=0 1ai ∈ Z.
Indeed, if we take Ω = dz0 ∧ dz2 ∧ · · · ∧ dzn, then the C(L)−actions on Ω is
η∗(Ω) = e
2πi
a0 dz0 ∧ · · · ∧ e
2πi
an dzn = e
2πi
∑
1
aiΩ = Ω.
Therefore a C(L)−equivariant trivialization of TVa(ǫ) exists. Since Va(ǫ) is simply connected,
the trivialization of TVa(ǫ) is homotopically unique. We will take the natural trivialization
of TC∗ → C∗ × C, which determines the trivialization Φ of T (Va(ǫ) × C∗) . We will also fix
Φ for the rest of this paper, which will be crucial in two places:
• Determining the framing for the Weinstein 2-handle attachment in Proposition 6.10.
• Determining the trivialization for the calculation of Conley-Zehnder index in Propo-
sition 6.21.
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Proposition 6.10. There is a contractible Weinstein domain (M1, ω1,X1, ψ1) obtained from
the Weinstein domain (M0,−ddCφ,∇φφ, φ) by attaching a 2-handle such that the canonical
saturation (see Subsection 2.8.2) coincides with the trivialization Φ.
Proof. If we can find an isotropic circle in M0 which generates the fundamental group, then
by Theorem 2.33, we can attach a Weinstein handle in such a way that the trivialization
of the contact structure extends to the Weinstein handle body. The existence of such an
isotropic circle is guaranteed by the h−principle in lemma 6.11, which states a subcritical
embedding can be perturbed into an isotropic embedding. 
Let M be a contact manifold of dimension 2n+ 1 and V a smooth manifold of subcritical
dimension, i.e. dimV ≤ n. Let Monoemb be the space of monomorphisms TV → TM
which cover embeddings V → M , and Monoembisot its subspace which consists of isotropic
monomorphisms F : TV → TM . Let Monoembisot be the space of homotopies
Monoembisot = {Ft, t ∈ [0, 1]|Ft ∈Monoemb, F0 = df0, F1 ∈Monoembisot}.
The space Embisot of isotropic embeddings V →M can be viewed as a subspace ofMonoembisot .
Indeed, we can associate to f ∈ Embisot the homotopy Ft ≡ df, t ∈ [0, 1], in Monoembisot .
Lemma 6.11 (Proposition 12.4.1 [EM02]). The inclusion
Embisot →֒Monoembisot
is a homotopy equivalence.
The above h−principle also holds in the relative and C0−dense forms.
Remark 6.12. By Theorem 2.7, (M1, ω1,X1, ψ1) is homotopic to a Stein domain through
Weinstein structures. We denote the Stein structure by the same notation (M1, J1, φ1).
6.3. TheWeinstein domainM0. We notice (Va(ǫ),−dCφ0) = (X̂1ǫ ,−dCφ0) while (X1ǫ ,−dCφ0)
is C(L)−equivariant Liouville homotopic to (W 1ǫ , λ), and in light of lemma 6.7, we can define
different Weinstein domains in (Ŵ 1ǫ × C∗, λ0 := λ+ rdθ) by different functions.
First of all, we need the following technical proposition.
Proposition 6.13. Let (M,λ) be a G-equivariant Liouville domain,and R be the coordinate
for its cylindrical end. Assume φ is a G-equivariant Morse function on M such that X(φ) < 0
near the boundary of M . Then for any ǫ > 0, there exists δ1 ≫ δ2 > 0 and a G-equivariant
Morse function f(see Figure 6) such that:
• ||1− f ||C2 < ǫ in the region M \ {R > 1− δ1 + 2δ2}.
• f and φ have same set of critical points, and the Morse indices are the same.
• f satisfies the equation (f
a
)2
+
(R− (1− δ1)
δ1
)6
= 1 (6.8)
on the region 1− δ1 + δ2 < R ≤ 1, for some 0 < a < 1.
Proof. First, we can fix the canonical collar of the boundary using the negative Liouville flow
ι : (1− ǫ1, 1]× ∂M −→M
ι∗λ = Rλ, ι∗X = R∂R
where ǫ1 > 0 is sufficiently small, so that X(φ) < 0 in the canonical collar and R is the
cylindrical coordinate. Notice that R is G-equivariant and so is any function in R
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r
1− δ1
1− δ1 + 2δ2
1− δ1 + δ2
1interior of W 1ǫ
cylindrical coordinate R
1
f only depends on R, f ′(R) < 0, (f(R)2)′′ < 0
f(R) = (1− ǫ2)
√
1−
(
R−(1−δ1)
δ1
)6
||1− f ||C2 < ǫ
Figure 6. G−equivariant Morse function f .
Now let’s fix a sufficiently small ǫ1 > δ1 ≫ δ2 ≫ ǫ2 > 0 ( the exact constraints on δ1, δ2, ǫ2
will be clear along the proof), and an increasing bump function ρ such that ρ(R) = 1 for
R ≥ 1 and ρ(R) = 0 for R ≤ 0. Let ρˆ(R) := ρ(R−(1−δ1)δ2 ), then we have
||ρˆ||C2 ≤
1
δ22
||ρ||C2 (6.9)
Define a bump function ρˆ on M to be ˆρ(R) on its canonical collar and extended by 0.
Apparently ρˆ is G-equivariant. Let h > 0 be a function of radial coordinate on [1−δ1, 1]×∂M
satisfying the conditions: ( h
1− ǫ2
)2
+
(R− (1− δ1)
δ1
)6
= 1.
Then h can be extended to a smooth function on M . Without loss of generality, we can
assume ||1 − φ||C2 < ǫ2. Otherwise we can simply replace φ by 1 + cφ for c > 0 sufficiently
small. We claim the function
f = φ · (1− ρˆ) + hρˆ
satisfies all conditions in this proposition. Firstly, h is well-defined and G-equivariant, and
since f coincides with h on the region {R ≥ 1− δ1 + δ2}, equation 6.8 is satisfied.
Secondly, we only need to show that f has no critical points in the region {1 − δ1 ≤ R ≤
1− δ1 + δ2}, for which we have
∂R(f) = h
′ρˆ+ hρˆ′ + (1− ρˆ)∂R(φ)− φρˆ′ = (h− φ)ρˆ+ h′ρˆ+ (1− ρˆ)∂R(φ) < 0
since R∂R(φ) = X(φ) < 0 and h ≤ 1 − ǫ2 ≤ φ. Therefore f has no critical point in the
canonical collar. Since outside the canonical collar f ≡ φ, the second condition follows.
Now we show that f also satisfies the first condition. In the region M \ {R > 1− δ1}, we
have f ≡ φ, so we only need to check the region {1 − δ1 ≤ R ≤ 1− δ1 + 2δ2}, where
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||f − 1||C2 = ||(φ− 1) + (h− φ)ρˆ||C2
≤ ||φ− 1||C2 + ||(φ − h)ρˆ||C2
≤ ǫ2 + 2||(φ − 1) + (1− h)||C2 · ||ρˆ||C2
≤ ǫ2 + 1
δ22
(||φ − 1||C2 + ||1− h||C2)||ρ||C2
≤ ǫ2 + 1
δ22
(ǫ2 + ||1− h||C2)||ρ||C2
The Taylor expansion of 1− h at R = 1− δ1 is:
1− h((1 − δ1) + t) = ǫ2 + Ct6 + o(t11) , C = 1− ǫ2
2δ61
Therefore ||1− h||C2 ≤ ǫ2 +C1δ62 , for t < 2δ2 ≪ δ1, where C1 = C1(δ1). Thus we have
||1− f ||C2 ≤ ǫ2 +
2ǫ2 + C1δ
4
2
δ22
< ǫ
The last inequality holds as long as ǫ2 ≤ δ42 and δ2 ≪ δ1. 
Lemma 6.14. Let f, ρ be defined as above, g := ρˆ(δ2 − R). Then g ·Xf is C1 small, where
Xf is the Hamiltonian vector field of f with respect to dλ0.
Proof. We only need to prove this in {1− δ1 + δ2 < R < 1− δ1 + 2δ2}. Notice that
||Xf ||C1 ≤ ||1− f ||C2 < Kδ22 ,
where K is independent of δ2. Meanwhile, we have
||g ·Xf ||C1 ≤ |g| · ||Xf ||+ ||dg|| · ||Xf ||+ |g| · ||dXf ||
≤ (|g|+ ||dg||) · (||Xf ||+ ||dXf ||)
≤ ||g||C1 · ||Xf ||C1
≤ ||ρ||C1
δ2
·Kδ22
≤ K ′δ2

Suppose G is a finite group and M is a G−manifold. Let MG(M,R) denote the set of
G−equivariant Morse functions on M and C(M,R) the set of smooth functions.
Lemma 6.15 (Density Lemma 4.8 [Was69]). MG(M,R) is dense in C(M,R) with respect to
the Ck topology.
Remark 6.16. Note that (W 1ǫ , λ) is G−equivariantly Liouville isomorphic to (X1ǫ ,−dCφ0).
Since φ0 is i−convex on X1ǫ (and we can perturb it into a G−equivariant Morse function if
necessary), the index of each critical point of −φ0 is at least n (half of the dimension of a
Stein Manifold). Therefore we can find such function φ′ on W 1ǫ as well.
Apply proposition 6.13 to (W 1ǫ , λ), with φ
′ as in remark 6.16. Then consider the function
F on the product Liouville manifold (Ŵ 1ǫ × R× S1, λ0 := λ+ rdθ) defined as:
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F : Ŵ 1ǫ × R× S1 → R, (6.10)
(p, (r, θ)) 7→ r2 − f(p)2 for p ∈W 1ǫ (6.11)
((q,R), (r, θ) 7→ r2 − a2
(
1−
(R− (1− δ1)
δ1
)6)
for (q,R) ∈ ∂W 1ǫ × (1− δ1 + 2δ2,∞).
(6.12)
where a = 1 − ǫ2. It is easy to check that F is a smooth C(L)-equivariant function on
Ŵ 1ǫ × R × S1, and 0 is a regular value. Furthermore, the following lemma shows that the
Liouville vector filed Y := Yλ+r∂r( where Yλ is the Liouville field on (W
1
ǫ , λ)) is gradient-like
for F on {F ≥ 0}.
Lemma 6.17. The Liouville vector field Y of (Ŵ 1ǫ ×R× S1, λ+ rdθ) is gradient-like for F
outside W0 := {F ≤ 0}.
Proof. We will verify the statement on the regions {R > 1− δ1+ δ2} and {R > 1− δ1+2δ2}c
separately. In the region {R > 1−δ1+δ2}, Y = r∂r+R∂R with F = r2−a2
(
1−
(
R−(1−δ1)
δ1
)6)
,
the claim is trivial. In the region {R > 1 − δ1 + 2δ2}c, we have Y = r∂r + Yλ. Notice that
this region is a product W ′× (R× S1), where W ′ = Ŵ 1ǫ \ {R > 1− δ1 +2δ2} is W 1ǫ attached
with a cylindrical cobordism. Now,
Y (F ) = (r∂r + Yλ)(r
2 − f2) = 2(r2 − fYλ(f)) (6.13)
Since 1− f is C2 small, the coordinate r is nonzero in the region W c0 ∩ {R > 1− δ}c, and W ′
is compact, we have 2(r2 − fYλ(f)) > 0. The conclusion follows. 
Remark 6.18. Note that ({F ≤ 0}, λ + rdθ) is a C(L)-equivariant Liouville domain, and
C(L) acts freely on it. The quotient domain is Liouville homotopic to the Stein domain
(M0, J, φ), by Lemma 6.7. Since the properties of interest are invariant under Liouville
isomorphism, we will also denote the quotient domain({F ≤ 0}, λ0)/C(L) by (M0, λ0).
Remark 6.19. The region (U := {R > 1/2}c ∩ {|r| ≤ 1/2}, λ) is a Liouville domain with
corners. We can smooth out the corner with a C∞-small perturbation. By abuse of notation,
the boundary of this Liouville domain is denoted by M = {R = 1/2} × {|r| ≤ 1/2} ∪ {R >
1/2}c × {|r| = 1/2}, with Liouville vector field Y = R∂R + r∂r. The time 1 flow of Y
sends M to a new boundary {R = e/2} × {|r| ≤ e/2} ∪ {R > e/2}c × {|r| = e/2}, that is,
U∪M×[0, 1] = {R > e/2}c∩{|r| ≤ e/2}. It’s easy to check that U ⊂ {F ≤ 0} ⊂ U∪M×[0, 1].
6.4. Strongly ADC property of M0. In this subsection, we will prove that the contact
boundary of (M0, λ0)(as in remark 6.18) with respect to the trivialization Φ is strongly
asymptotically dynamically convex. Let us first state what the framing is. Since (Ŵ 1ǫ ×R×
S1, λ0) is a product, it suffices to choose the G-equivariant trivialization on both components,
since it descends naturally to the quotient (W0, λ0) (see subSection 6.2.1). We denote the
boundary of (M0, λ0) by (Σ0, λ0).
Theorem 6.20. Let F be the function of Lemma 6.17. Then (Σ0, λ0) satisfies the strongly
ADC property with respect to a trivialization Φ, provided a satisfies the conditions n ≥ 3 and
m(a) ≥ 2.
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r
1− δ1
1− δ1 + 2δ2
1− δ1 + δ2
1interior of W 1ǫ
cylindrical coordinate R
1
(a) Fractional Reeb orbits γ˜
with lSFT ≥ m(a)− 3/2
(b) γ is contractible
with lSFT ≥ m(a)− 3/2
(c) Fractional Reeb orbits γ˜ correspond to
critical points of f , lSFT ≥ n− 5/2
W0
Σ = F−1(0)
Figure 7. Lower SFT index of Fractional Reeb orbits in Σ.
Proposition 6.21. For any K > 0, there exits a C(L)−equivariant function F as defined
in 6.10 on the Liouville domain (Ŵ 1ǫ × R× S1, λ0) with a chosen trivialization Φ such that
(1) Σ := {F = 0} is a regular level set and the Liouville vector field Y points outwards
along Σ.
(2) The quotient Σ0 := Σ/G has the property that all elements of P
<K
φ (Σ0, λ0) have lower
SFT index at least min{m(a)− 3/2, n − 5/2}.
Proof. We will show that by choosing a proper C2-small function f as in Proposition 6.13, the
corresponding function F satisfies the required conditions. The first condition is satisfied by
the construction of F , as proved in Lemma 6.17, we only need to show the second condition
is also satisfied. Recall the quotient map
π : Σ→ Σ0
is an L−sheeted covering map. Therefore, the Reeb orbits in Σ0 lift to fractional Reeb orbits
in Σ. To be precise, if γ(t), t ∈ [0, T ] is a Reeb orbit in Σ0, then the L− fold Reeb orbit
γ(t), t ∈ [0, qT ] can be lifted to a Reeb orbit γ˜(t), t ∈ [0, LT ] in Σ. It follows that the index
of γ in Σ0 can be calculated through the index of γ˜ in Σ0. We will proceed by investigating
the Reeb orbits in three regions:
(a) Σ ∩ {1 > R > 1− δ1 + δ2}, where γ˜ has constant r,R coordinates.
(b) Σ ∩ {1 = R}, where γ is contractible, and γ lifts to closed Reeb orbit γ˜ in Σ.
(c) Σ ∩ {R > 1− δ1 + 2δ2}c, where γ˜ has constant coordinate in the W 1ǫ component.
We will show that all elements of P<Kφ (Σ0, λ0)(see Figure 7) can be lifted to fractional
Reeb orbits either entirely contained in part (a), (b) or (c) and
(a) orbits in part(a) have lower SFT index at least m(a)− 3/2 ;
(b) orbits in part (b) have lower SFT index at least m(a)− 3/2 ;
(c) orbits in part (c) have lower SFT index at least n− 5/2.
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First, in region (a), by lemma 2.23, we have
XReeb =
XF
Y (F )
=
2r∂θ − 2fXf
2r2 − 2fYλ(f) =
2r∂θ − 2ff ′J∂R
2r2 − 2Rff ′ .
So XReeb has no ∂R component, and therefore the Reeb flow in the region (a) has constant
R coordinate. So any Reeb orbits γ intersecting {R > 1− δ1 + δ2} remains entirely in region
(a). Let us begin the proof with a lemma:
Lemma 6.22. With W0 and F defined as in Lemma 6.17, the conditions in Lemma 2.39 are
satisfied.
Proof. We will verify the conditions in three cases:
a. in the region W0 \ {R > 1− δ1 + 2δ2}, where ||1− f ||C2 < ǫ;
b. in the region {1− δ1 + δ2 < R < 1}, where Y = r∂r +R∂R, and f = f(R).
c. in the region R = 1, r = 0.
First of all, note that b = dF (Y ) = 2r2 − 2fYλ(f) > 0 by Lemma 6.17.
Case (a): Let p be a critical point of f and define
A := {(p,
√
f(p)2 + t, θ) ∈W 1ǫ × R× S1
∣∣ t ∈ (−ǫ0, ǫ0)}.
Define Ct := F
−1(t), which is transverse to A as ∂r is transverse to it. Let
At := Ct ∩A = {(p,
√
f(p)2 + t, θ) ∈W 1ǫ × R× S1}
and Lt =
√
f(p)2 + t, b/L0 = 2f(p). We can rescale Lt by 2f(p), and with V =
∂r
2r , we have
db(V ) = 2 > 2f(p)
dLt
dt
∣∣∣
t=0
= 1
Case(b): Let B be a Morse-Bott manifold of the Brieskorn manifold (Σ(a), λ), and g(R) =
−f2(R). Then F (t) = r(t)2 + g(R(t)), t ∈ (−ǫ0, ǫ0) . We have the following:
dF = 2rdr + g′(R)dR, b = dF (Y ) = 2r2 +Rg′(R),
XReeb = XF /Y (F ) = (2r∂θ + g
′(R)J∂R)/b
Now, define for any constant a > 0 (−1/a is the slope of tangent line of F at (r,R)),
A(a) := {(q,R(t), θ, r(t)) ∈ B×(1−δ1+δ2, 1)×S1×R|r2−f(R)2 = t, r = ag′(R), t ∈ (−ǫ0, ǫ0)}
Again let Ct := F
−1(t), which is transverse to A(a), and
At := Ct ∩A = {(q,R(t), θ, r(t)) }
Then A(t) is a Morse-Bott manifold in Ct. Since
Lt = b/2r(t) = r +
Rg′(R)
2r
= r +
R
2a
, b/L0 = 2r(0) (6.14)
2r
dLt
dt
∣∣∣
t=0
= 2rr′ +
rR′
a
(6.15)
and on the other hand, V = r′∂r +R′∂R, db = 4rdr + (g′(R) +Rg′′(R))dR, we have that
db(V ) = 4rr′ +R′g′(R) +RR′g′′(R) ≥ 2rr′ + rR
′
a
= 2r
dLt
dt
∣∣∣
t=0
since r′ > 0, R′ > 0, g′′(R) > 0.
Case (c): Let g = −f2(R), B defined as above, define
A := {(q,R(t), θ, 0) ∈ B × R× S1 × R | g(R) = t, t ∈ (−ǫ0, ǫ0)}
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Once more, Ct := F
−1(t), which is transverse to A as ∂R is transverse to it, and
At := Ct ∩A = {(q,R(t), θ, 0) ∈ B × R× S1 × R }
are pseudo Morse-Bott manifolds. Moreover,
dF = g′(R)dR, b = dF (Y ) = Rg′(R), Lt = R(t), b/L0 = g′(1)
Here,
g′(1)
dLt
dt
∣∣∣
t=0
= g′(R)R′|R=1 = d
dt
(g(R(t)))|t=0 = 1
and with V = ∂Rg′(R) , we have
db(V ) = 1 +
Rg′′(R)
g′(R)
> 1 = g′(1)
dLt
dt
∣∣∣
t=0
.

Now let us compute the index of the Reeb orbits in region (a). Any Reeb orbit γ can be
lifted to a fractional Reeb orbit γ˜ in the region Σ∩{R > 1− δ1+ δ2}, where F = r2− f(R)2.
The Reeb orbit can be written as γ˜ = (γ1, γ2), where γ1, γ2 are fractional Reeb orbits of
(Σ(a), Rλ) and (S1, rθ), for fixed r,R, so by Lemma 6.22,
µCZ(γ, F ) = µCZ(γ, λ0) +
1
2
.
Meanwhile,
µCZ(γ, F ) = µCZ(γ1,−f(R)2) + µCZ(γ2, r2)
follows the product property of Conley-Zehnder index. Note that
(−f(R)2)′ > 0, (−f(R)2)′′ > 0,
therefore we have
µCZ(γ1,−f(R)2) = µCZ(γ1, c1λ) + 1
2
.
Moreover, by Remark 2.41,
µCZ(γ2, r
2) =
1
2
.
Notice γ1 is a fractional Reeb orbits on the Brieskorn manifold (Σ(a), Rλ), which has the
same index as (Σ(a), λ). By Lemma 5.5 and Lemma 5.6, we then have µCZ(γ1) ≥ m(a).
Putting all equations together:
lSFT (γ) = µCZ(γ, λ0)− 1
2
dimB + (n+ 1)− 3
≥ (µCZ(γ, F )− 1
2
)− n+ (n+ 1)− 3
≥ (µCZ(γ1, λ) + 1
2
)
+ µCZ(γ2, r
2)− 5
2
≥ m(a) + 1
2
+
1
2
− 5
2
= m(a)− 3/2.
For the region (b), the claim will be proved in Lemma 6.24.
Now suppose γ0(t), t ∈ [0, T ], T < K is a Reeb orbit in Σ0 and can be lifted to a fractional
Reeb orbit in region (c). Then the L− fold Reeb orbit γ(t) := γ0(t), t ∈ [0, LT ] can be
lifted to a closed Reeb orbit γ˜(t) in this region. Let g(R) be a smooth function defined in
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Lemma 6.14. So g(R) = 1 for R < 1− δ1 + δ2 and g(R) = 0 for R > 1− δ1 + 2δ2. By abuse
of notation, g can be regarded as a function on Σ ∩ {1 − δ1 + δ2 < R < 1 − δ1 + 2δ2}. We
extend g to Σ by a constant. Now define a new vector field X = g ·XReeb. Let XW be the
projection of X to W 1ǫ , i.e.
XW = g · −Xf
f − Yλ(f) =
−1
f − Yλ(f) · gXf .
Since (1 − f) is C2-small, || 1f−Yλ(f) ||C1 < 2. By Lemma 6.14, XW is C1-small. Then by
Corollary 6.28, for f sufficiently C2-small, any periodic orbit of period less than LK is a
constant orbit, and therefore corresponds to a critical point of f . We claim that any such Reeb
orbit γ0 has lower SFT index at least n− 5/2, which will be proved in Proposition 6.26. 
Remark 6.23. Reeb orbits in W0 can be graded by their H1/Tors class. Let’s have a closer
look at the Reeb orbits with H1/Tors grading 0. In the proof of Proposition 6.21, the Reeb
orbits in the regions (a) and (c) are never null-homologous.
Lemma 6.24. Any Reeb orbit γ in region (b) is contractible in Σ0, and its lower SFT index
is at least m(a)− 3/2.
Proof. In region (b), XReeb = J∂R. In fact, Σ ∩ {1 = R} = Σ(a) × S1. The Reeb flow is
stationary on S1 and coincides with the Reeb flow on the Brieskorn manifold Σ(a). Therefore,
any Reeb orbit γ is contractible. Suppose γ˜ is a lift of γ. Let B ⊂ Σ(a) be a Morse-Bott
manifold for (Σ(a), λ). In light of Lemma 6.22, we have
µCZ(B × S1, F ) = µCZ(B × S1, λ0) + 1
2
.
By the product property of Conley-Zehnder index,
µCZ(B × S1, F ) = µCZ(B,−f2(R)) + µCZ(S1, r2) = µCZ(B,−f2(R)) + 1
2
.
On the other hand,
µCZ(B,−f2(R)) = µCZ(B,λ) + 1
2
≥ m(a) + 1
2
.
So we conclude that
µCZ(B × S1, λ0) = µCZ(B × S1, F )− 1
2
≥ m(a) + 1
2
and
lSFT (γ) = µCZ(γ)− 1
2
dimker(Dγ(0)ψT − id) + (n+ 1− 3)
= µCZ(B × S1, λ0)− 1
2
(dimB + 1) + (n + 1− 3)
≥ m(a) + 1/2− n+ n− 2 = m(a)− 3/2.

Remark 6.25. Let MB(p), p ∈ Z be the Morse-Bott manifold of return time pπ2 in the
Brieskorn manifold, then MB(p)×S1/C(L) is a Morse-Bott manifold in Σ0. Conversely, any
Morse-Bott manifold of contractible Reeb orbits in Σ0 can be lifted to Σ. By Lemma 6.24 and
Remark 6.23, the contractible Morse-Bott manifolds in Σ0 can be lifted to Σ(a) × S1 ⊂ Σ.
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Indeed, each Reeb orbit in Σ0 has L different lifts in Σ. In terms of Morse-Bott manifolds of
contractible Reeb orbits, we have a one-to-one correspondence:
π : Σ(a)× S1 → (Σ(a)× S1)/C(L) ⊂ Σ0
MB(p)× S1 7→ (MB(P )× S1)/C(L).
The group action is trivial on the first factor, therefore
(MB(p)× S1)/C(L) =MB(p)× (S1/C(L)) ∼=MB(p)× S1
and
µCZ(MB(p)× S1, λ0) = µCZ(MB(p), λ) + 1
2
.
Proposition 6.26. As defined in the proof of part (c) of Proposition 6.21, the Reeb orbit γ0
has lower SFT index at least n− 5/2.
Proof. The L−fold iterate γ(t) can be lifted to a Reeb orbit γ˜(t) in the Region (c). Its W 1ǫ
component is a critical point p of f . Since the conditions of Lemma 2.39 are satisfied,
µCZ(B0, λ0) +
1
2
= µCZ(B0, F ).
Everything descends down to the quotient M0. We will use the same notations for the
quotient. We have the Hamiltonian orbit γ0 = (p, γ2), where p is a constant orbit in W
1
ǫ
while γ2 is an orbit in R× S1. The index is
µCZ(B0, F ) = µCZ(p,−f2) + µCZ(γ2, r2) = µCZ(p,−f2) + 1
2
Since f(p) 6= 0, Indp(f2) = Indp(f), hence
µCZ(p,−f2) = Indp(f2)− n = Indp(f)− n
by Corollary 2.27. Since indices of critical points of f is at least n, so µCZ(p) ≥ 0 (see
remark 6.16). Thus lower SFT index
lSFT (γ) = µCZ(B0, λ0)− 1
2
dimB0 + (n+ 1)− 3
= µCZ(B0, F )− 1
2
− 1
2
+ (n+ 1)− 3
≥ 0 + 1
2
+ n− 3 = n− 5/2
where the Morse-Bott manifold B0 = S
1. 
Proof of Theorem 6.20. Recall the definition of a strongly ADC contact manifold: there exists
a sequence of non-increasing contact forms αi and increasing positive numbers Di going to
infinity such that all elements of P<DiΦ (Σ, αi) have positive lower SFT index.
In light of Proposition 6.21, let Ki = K
i(K is a fixed large number, the explicit conditions
will be clear later in this proof), there exists a C(L)− equivariant function Fi such that all
elements of P<KiΦ (Σi, λ0|Σi) have positive lower SFT index (since min{m(a)−3/2, n−5/2} >
0), where Σi := F
−1
i (0)/C(L) is the boundary of the quotient manifold.
By Remark 6.19, we notice that conditions of Corollary 6.31 are satisfied, so there exists
a contactomorphism fi : Σ0 → Σi+1 and a constant C independent of Fi, such that
1
C
· λ0|Σ0 < f∗i (λ0|Σi) < C · λ0|Σ.
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So the non-increasing contact forms αi can be defined as αi =
1
Ci
f∗i (λ0|Σi) < αi−1, and
Di := Ki/C
i, which goes to infinity as long as K > C. Then P<DiΦ (Σ0, αi) = P
<Li
Φ (Σi, λ0|Σi),
which shows that all elements have positive lower SFT index. 
We follow the idea of F.laudenbach in the proof of the following lemma.
Lemma 6.27 (Proposition 6.1.5 [AD14], [Lbdm04]). Let X be a vector field on R2n. If
||dX||L2 < 2πL , the only periodic orbits with period less than L are constant orbits.
Proof. Consider the solution u(t) of period T ≤ L and take its Fourier expansion as well as
u˙, u¨.
u(t) =
∑
k
ck(u)e
2kπit/T , u˙(t) =
∑
k
2kπi
T
ck(u)e
2kπi/T
So by Parseval’s identity, we have
||u¨||2L2 =
∑ 4k2π2
T 2
|ck(u˙)|2 ≥
∑
k 6=0
4π2
T 2
|ck(u˙)|2 = 4π
2
T 2
||u˙(t)||2L2
since c0(u˙) = 0. Hence,
||u¨||L2 ≥
2π
T
||u˙(t)||L2 .
On the other hand, since u¨ = (dX)(u˙), ||dX||L2 < 2πL , so
||u¨||L2 <
2π
L
||u˙(t)||L2 ≤
2π
T
||u˙(t)||L2
if u˙ 6= 0. Therefore u(t) is a constant orbit. 
Corollary 6.28 ( [Lbdm04]). If M is a compact manifold with boundary and X is a vector
field which vanishes in the neighborhood of the boundary. Then for any L > 0, the flow
generated by X has no non-constant periodic orbit with period less than L for sufficiently
C1-small X.
Proof. First we get rid of the boundary by doubling M (glue M with itself along the bound-
ary). Now that X can be smoothly extended since it vanishes in a neighborhood of the
boundary. Now consider the new closed manifold M˜ . Let us fix a finite collection of compact
charts Ki. Since X is C
1-small, every closed orbit with bounded period T of the flow of X has
a small diameter(D ≤ ||X||uniform · L), which implies the entire orbit remains in one of the
charts Ki. The C
1 norm is equivalent to the Euclidean norm so the lemma above applies. 
Lemma 6.29. Let (U, λ) be a Liouville domain, (Û , λˆ) its completion, and Σ1 := ∂U be the
contact boundary. Suppose we have a Liouville domain (V, λˆ) such that U ⊂ V ⊂ U ∪ Σ1 ×
[0,M ].Then there is a contactomorphism Ψ
Ψ : (Σ1, λ2 = λˆ|Σ1)→ (Σ2 := ∂V, λ2 = λˆ|Σ2).
such that λ1 ≤ Ψ∗λ2 ≤ eMλ1.
Proof. Since
U ⊂ V ⊂ Σ1 × [0,M ]
let ψ be the flow generated by the Liouville vector field and t(p) be the time when the flow
starting at p ∈ Σ1 reaches Σ2, i.e, ψt(p)(p) ∈ Σ2. Then M ≥ t(p) ≥ 0. Let ρ be a function
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on Û supported on (−ǫ,M + 1) × Σ1, such that ρ((r, p)) ≡ t(p) on the region [−0,M ] × Σ1.
Now consider the vector field Y := ρ · ∂r and we denote by
Ψ : R× Û → Û , (t, p) 7→ Ψt(p)
the flow generated by Y . Clearly we have Ψ1(Σ1) = Σ2 and Ψ
∗λ1 = et(p)λ2. Now the
conclusion follows. 
Remark 6.30. If the Liouville domains in the Lemma above are G-equivariant, then there
is G-equivariant contactomorphism satisfying the above statement.
Corollary 6.31. Let (U, λ) be a Liouville domain, suppose we have two Liouville domains
V1, V2 with Σ1 = ∂V1,Σ2 = ∂V2 such that U ⊂ Vi ⊂ U ∪ ∂U × [0,M ]. Then there exists a
contactomorphism f and a constant C independent of Vi, such that
1
C
· λ|Σ1 < f∗λ|Σ2 < C · λ|Σ1 .
7. Finiteness of positive idempotent group
We are going to show that the positive idempotent group I+(Σ0) is finite. Let’s recall the
definitions: for any filling W of Σ0 such that SH∗(W ) 6= 0, we have
I(W ) = {α ∈ SH0n(W )
∣∣α2 − α ∈ H0(W ) }
and I+(W ) = I(W )/H
0(W ), hence it suffices to prove I(W ) is a finite group. Indeed, for the
Liouville filling (M0, λ0) as in remark 6.18, SH
0
k(M0,Z2) is finite. We begin by introducing
a spectral sequence which converges to SH0∗ (M0,Z2):
Theorem 7.1 (Theorem 5.4 [KvK16]). Let(W,ω = dλ) be a Liouville domain satisfying the
assumptions:
1 The Reeb flow on ∂W is periodic with minimal periods T1 · π2 , T2 · π2 , · · · , Tk · π2 , where
Tk · π2 is the common period, i.e. the period of a principal orbit. We assume that all
Tk are integers.
2 The restriction of the tangent bundle to the symplectization of ∂W ,T (R × ∂W )|∂W ,
is trivial as a symplectic vector bundle, c1(W ) = 0 and we have a choice of the
trivialization of the canonical bundle.
3 There is a compatible complex structure J for (ξ := kerλ∂W , dλ∂W ) such that for
every periodic Reeb orbit γ the linearized Reeb flow is complex linear with respect to
some unitary trivialization of (ξ, J, dα) along γ.
For each positive integer p define C(p) to be the set of Morse-Bott manifolds with return time
p, and for each Morse-Bott manifold Σ ∈ C(p) put
∆(Σ) = µCZ(Σ)− 1
2
dimΣ/S1,
where the Robbin-Salamon index is computed for a symplectic path defined on [0, p]. Then
there is a spectral sequence converging to SH(W ;R), whose E1−page is given by
E1pq =

⊕
Σ∈C(p)
Hp+q−∆(Σ)(Σ;R) p > 0
Hq+n(W,∂W ;R) p = 0
0 p < 0.
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Remark 7.2. The above spectral sequence respects the H1 grading. Therefore, to compute
SH0n(M0), we only need to focus on the Morse-Bott manifolds of null-homologous Reeb orbits.
Lemma 7.3. SH0k(M0,Z2) is finite for all k.
proof of lemma 7.3. Note that it suffices to find all the Morse-Bott manifolds. By Re-
mark 6.25, the first page of the spectral sequence which converges to SH0∗ (M0,Z2) is
E1pq =

⊕
Hp+q−∆(MB(p))(MB(p)× S1;Z2) p > 0
Hq+n(M0, ∂M0;Z2) p = 0
0 p < 0.
The finiteness of SH0k(M0,Z2) follows from the following two facts: first, there are only
finitely many Morse-Bott manifolds MB(p) satisfying ∆(MB(p)) = k, i.e.
k = µCZ(MB(p)× S1)− 1
2
(dim(MB(p)× S1)/S1) = fa(p)− 1
2
(dimMB(p)− 1).
The above equation can only be satisfied by finitely many p ∈ 12LZ, and for any p there
is at most one Morse-Bott manifold with return time pπ/2 in the Brieskorn manifold Σ(a).
Secondly,
H∗(MB(p)× S1;Z2) = 0 ∗ < 0 or ∗ > 2n.
and H∗(MB(p) × S1;Z2) is finite dimensional for 0 ≤ ∗ ≤ 2n. Therefore SH0k(M0,Z2) is
finite for each k, since the dimension of
⊕
p+q=k
E1pq is finite for each k.

Now we are going to prove that SH0∗ (M0(a),Z2) 6= 0, where a is defined as in Remark ??.
Lemma 7.4. For a = (2, 2, 2, · · · , pk), we have SH0∗ (M0(a),Z2) 6= 0, where k + 3 = n, n >
8, p′is are sufficiently large integers.
Proof. It suffices to prove that SH0n−1(M0,Z2) 6= 0. To that end we will focus on the total
degree p+ q = n− 2, n− 1, n in the spectral sequence above. First of all, for p = 0, we have
E10q = Hn+q(M0, ∂M0;Z2) =
{
Z2, q = n
0, q 6= n.
On the other hand,
∆(MB(p)× S1) = µCZ(MB(p)× S1)− 1
2
(dim(MB(p)× S1)/S1)
= fa(p)− 1
2
(dimMB(p)− 1)
where pπ/2, p ∈ Z is the period. Meanwhile,
fa(p) = 3
(⌊
p
2
⌋
+
⌈
p
2
⌉)
+
∑(⌊ p
pi
⌋
+
⌈
p
pi
⌉)
−
(⌊
p
⌋
+
⌈
p
⌉)
≥ 3p+ k − 2p = p+ n− 3
so ∆(MB(p)× S1) ≥ p − 4 > n+ 1 for any p > n+ 5, that is, for any Morse-Bott manifold
to contribute to the homology of degree at most n, the period of such manifold is at most
n + 5. Thus, if we require pi > n + 5, then the only Morse-Bott manifolds could possibly
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n− 6
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Figure 8. E2pq(M0,Z2) = E
1
pq(M0,Z2): dimE
2
2,n−3(M0,Z2) = 2, so it can
not be killed by d2 (red arrow) since dimE
2
4,n−4(M0,Z2) = 1 on the second
page.
contribute to total degree p + q ≤ n is MB(p) × S1, p = 2l, 2l < n + 5 for some 0 < l ∈ Z
(see Subsection 5.5 [KvK16]). Now that p = 2l, l < n, we have MB(p) = Σ(2, 2, 2) ∼= RP3.
Hi(RP
3 × S1) =

Z2, i = 0, 4
Z2 ⊕ Z2, i = 1, 2, 3
0, otherwise
In this case,
∆(MB(2l)× S1) = 6l + n− 3− 4l − 1 = 2l + n− 4 = p+ n− 4.
So for l > 2, ∆(MB(2l)× S1) > n. For l = 1, 2, we have (see Figure 8)
E1pq = Hq−(n−4)(RP
3 × S1;Z2) =

Z2, q = n− 4, n
Z2 ⊕ Z2, q = n− 3, n− 2, n− 1
0, otherwise.
Hence, Ek2,n−3(M0,Z2) 6= 0 stabilizes at the second page, so SH0n−1(M0,Z2) 6= 0. It follows
that SH0∗ (M0,Z2) 6= 0. In particular, SH0n(M0,Z2) 6= 0, since the unit lives in degree n.

Remark 7.5. Lemma 7.4 shows that I+(Σ0(a)) is well-defined since SH∗(M0) 6= 0. Further-
more, I+(Σ0(a)) is a finite group.
Now we are ready to prove Theorem 1.5: first, we will take a = (2, 2, 2, p1, · · · , pk) satisfying
• pi > k + 8,
• ∑ 1pk = 12 .
Recall
Ua(ǫ) = {z ∈ Cn+1|za00 + · · ·+ zann = ǫ · β(||z||2)},
and
W 1ǫ = Uǫ ∩B(1), ∂W 1ǫ = Σ(a).
Let (M0(a), λ0) be defined as in Remark 6.18. Then we have the following facts:
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(1) (M0, λ0) is strongly ADC;
(2) SH0n(M0) 6= 0 and is finitely dimensional.
(3) Hi(M0) = 0, i > 1, i 6= n, n+ 1.
The first claim is true due to Proposition 6.20. We only need to check the condition that
m(a) ≥ 3, which in turn is the result of Lemma 5.6. The second claim is proved in Lemma 7.3.
On the other hand, the Liouville vector field Yλ is gradient-like (Lemma 6.17) for the
function F which we used to define the Weinstein domain. Therefore, it is Liouville homotopic
to Stein domain (M0, J, φ)(Remark 6.18). π1(M0) = Z since M0 is diffeomorphic to C
n+1 \
Va(0) (Proposition 6.8). Let γ be an isotropic circle generating π1(M0). Such γ exists by the
h−principle(Lemma 6.11). Let M1 be Weinstein manifold obtained from M0 by attaching
a Weinstein 2-handle with respect to the trivialization Φ (Proposition 6.10). M1 is of finite
type because M0 is. Furthermore, attaching 2-handle along γ kills the fundamental group.
Now we are going to prove that(M1, λ1, ψ1) satisfies all conditions in Theorem 1.5
proof of Theorem 1.5. Indeed,we have the following facts about (M1, λ1, ψ1):
(1) (∂M1, λ1) is asymptotically dynamically convex;
(2) SH∗(M1) ∼= SH∗(M0) as rings.
(3) H˜i(M1) = 0, i 6= n, n+ 1
The first statement is true because subcritical surgery preserves the ADC property, by
Theorem 3.9. The second statement is due to the fact that subcritical surgery doesn’t change
the ring structure of symplectic homology, see Theorem 2.19. The last statement on homology
follows Proposition 6.9. 
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